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IRREDUCIBLE p-LOCAL COMPACT GROUPS I. THE STRUCTURE OF p-LOCAL
COMPACT GROUPS OF RANK 1
A. GONZÁLEZ
Abstract. Let p be a fixed prime number. The main purpose of this paper is to introduce
the notion of irreducible p-local compact group, which provides a first reduction towards a
classification of all p-local compact groups. In order to test this idea, in this note we describe
all p-local compact groups of rank 1 in terms of this notion.
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Roughly speaking, the concept of p-local compact group was introduced by C. Broto,
R. Levi and B. Oliver in [BLO07] as a generalization of the notions of compact Lie group
and p-compact group from a p-local point of view, and shares with these notions many
properties.
Given a fixed prime p, an important open problem regarding p-local compact groups is
their classification. In this sense one cannot ignore the existing classifications of compact
Lie groups and p-compact groups, since a good classification of p-local compact groups
would be one that relates to the objects that we are generalizing.
Notice that the first reduction in the classification of compact Lie groups (respectively
p-compact groups) is to reduce to connected compact Lie groups (respectively p-compact
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groups). Or, from the point of view of classifying spaces, we reduce to compact Lie groups
(respectively p-compact groups) whose classifying space is simply connected. However
from a topological point of view, this reduction does not make much sense in the context
of p-local compact groups, which are of a more algebraic nature (there is also a cruder
reason why one should not consider connectivity as the first reduction: there exist p-local
finite groups whose classifying space is simply connected).
Luckily, the connected component of a compact Lie group (respectively a p-compact
group) can also be understood from an algebraic point of view. Indeed the connected
component of a compact Lie group (respectively a p-compact group) is the minimal
normal subgroup of finite index in the original Lie (or p-compact) group. And this is a
point of view that we can implement in the context of p-local compact groups. However,
since we are not adopting a topological point of view, we will not talk about connectivity
any more.
Let us be more specific. As a preview of Section §1, recall that a discrete p-torus is a
group T isomorphic to (Z/p∞)r for some natural number r ≥ 0, which we call the rank of
T. A discrete p-toral group is a group P containing a discrete p-torus as a normal subgroup
of index a finite power of the prime p, which we call the maximal torus of P. The rank
of a discrete p-toral group P is the rank of its maximal torus. A p-local compact group is
a triple G = (S,F ,L), where S is a discrete p-toral group, F is a saturated fusion system
over S (a category encoding fusion data), and L is a centric linking system associated to
F (a category encoding the necessary data to associate a classifying space to F ). The rank
of F (respectively of G) is the rank of the discrete p-toral group S. The classifying space
of G is the space BG = |L|∧p , where (−)
∧
p denotes Bousfield-Kan’s p-completion [BK72].
We say that a p-local compact group G = (S,F ,L) with maximal torus T is irreducible if
F itself is the only normal fusion subsystem of F of maximal rank (normality of fusion
subsystems is taken in the sense of Aschbacher [Asc08]). Notice that from this point of
view, the only irreducible p-local finite group (i.e., of rank 0) is the trivial p-local finite
group.
Our first result is a complete list of all irreducible p-local compact groups of rank 1.
Theorem A. Let G = (S,F ,L) be a irreducible p-local compact group of rank 1. Then,
(i) if p > 2 then G is the p-local compact group induced by SO(2); and
(ii) if p = 2 then G is the p-local compact group induced by either SO(2), SO(3) or SU(2).
All the p-local compact groups listed above are explicitly described in Section §2. Notice
that the above list differs from the list of connected p-compact groups for odd primes p,
hence another reason not to talk about connectivity in the p-local setting.
Indeed recall that, for an odd prime p and n ≥ 2 dividing p − 1, a Sullivan sphere of
dimension 2n − 1 is a space X which is equivalent to the p-completion of the (2n − 1)-
dimensional sphere, S2n−1. For instance, if we set
BX = (BSO(3))∧p ≃ (BSU(2))
∧
p
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then X = ΩBX is a Sullivan sphere of dimension 3 for all primes p > 2. Sullivan spheres
mark the difference between the above list of irreducible p-local compact groups of rank
1, and the classification of p-compact groups of rank 1.
This phenomenon is explained in greater level of detail in Section §2, but it can be
summarized as follows. If G = (S,F ,L) is the p-local compact group induced by a
Sullivan sphere, with maximal torus T ≤ S, then FT(T) ⊆ F is obviously normal, and
FT(T) $ F . In the terminology of [BCG+07], FT(T) is a subsystem of (finite) index prime
to p in F , hence the difference with the classification of p-compact groups. In a separate
note we will describe in full detail which connected compact Lie groups and connected
p-compact groups give rise to irreducible p-local compact groups, without any restriction
on the rank.
As an interesting consequence of the proof of Theorem A, we will see how each p-local
compact group G = (S,F ,L) of rank 1 uniquely determines a p-local compact group
G0 = (S0,F0,L0) satisfying the following two properties
(i) G0 is irreducible; and
(ii) F0 is normal in F .
In this situation it makes sense to call G0 the irreducible component of G.
Together with the list of irreducible p-local compact groups of rank 1, we provide full
descriptions of the spaces of self-equivalences of their classifying spaces. This makes the
proof of the following result rather straightforward. Recall that a transporter system is a
generalization of the notion of centric linking system introduced originally by Oliver and
Ventura in [OV07]. We review this notion in Section §1.
Theorem B. Let (S,F ,L) be a finite transporter system, where F is a saturated fusion
system over S and L contains all the F -centric F -radical subgroups of S. If τ : X −−−→ |L|
is a fibration whose fibre is equivalent to the classifying space of a irreducible p-local
compact group of rank 1, then X∧p is the classifying space of a p-local compact group (of
rank 1).
To complete the classification of p-local compact groups of rank 1, we have to prove
some converse of the above result. More precisely, let G = (S,F ,L) be a p-local compact
group of rank 1, and let G0 = (S0,F0,L0) be its irreducible component. Let also NG(S0) =
(S,NF (S0),NL(S0)) be the normalizer p-local compact group of S0 inG (see Definition 1.18),
and let (S,F ,L) be the quotient ofNG(S0) by S0 (see Definition A.1), which is a transporter
system satisfying the conditions in Theorem B.
Theorem C. Let G = (S,F ,L) be a p-local compact group of rank 1, and let G0 and L be
as above. Then, there is a fibration
F −−−−−→ X −−−−−→ |L|
such that X∧p ≃ BG and F ≃ BG0.
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The paper is organized as follows. The first section contains a quick review on p-local
compact groups and related notions. The second section contains a full description of
the p-local compact groups induced by SO(2), SO(3) and SU(2), together with the proof
of Theorem A. The third section studies fibrations over finite transporter systems with
fibre the classifying space of a p-local compact groups (of rank 1), and includes the proof
of Theorem B. The fourth section contains the proof of Theorem C. The fifth section
describes an example of simple p-local compact group of rank 2 which is not induced
by any compact Lie group or p-compact group. The sixth section is devoted to discuss
the notion of irreducibility for p-local compact groups. We include two appendices at
the end of the paper. The first one generalizes part of the results of [OV07] to extensions
of transporter systems by discrete p-toral groups, while the second one generalizes the
Hyperfocal Subgroup Theorem for p-local compact groups, as well as some other results
of [BCG+07] regarding the detection of subsystems of p-power index of a given fusion
system.
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1. Background on p-local compact groups and related notions
In this section we review all these notions related to p-local compact groups that we
need in this paper. Themain references for this section are [BLO03], [BLO07] and [BLO12].
Definition 1.1. A discrete p-torus is a group which is isomorphic to (Z/p∞)r for some finite
number r ≥ 0. A discrete p-toral group P is a group which is isomorphic to an extension of
a finite p-group by a discrete p-torus.
In other words, a discrete p-toral group P fits in an exact sequence
{1} → P0 −−−−−→ P −−−−−→ pi(P)→ {1}
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where P0 is a discrete p-torus and pi is a finite p-group. The rank of P, denoted by rk(P),
is r, where P0  (Z/p∞)r, and the order of P is then defined as the pair |P|
de f
= (rk(P), |pi(P)|),
considered as an element of N 2 ordered lexicographically. This way we can compare the
order of two discrete p-toral groups. For instance, wewrite |Q| ≤ |P| if either rk(Q) < rk(P),
or rk(Q) = rk(P) and |pi(Q)| ≤ |pi(P)|.
Definition 1.2. A fusion system over a discrete p-toral group S is a category F whose object
set is the collection of all subgroups of S and whose morphism sets satisfy the following
conditions:
(i) HomS(P,Q) ⊆ HomF (P,Q) ⊆ Inj(P,Q) for all P,Q ∈ Ob(F ); and
(ii) every morphism in F factors as an isomorphism in F followed by an inclusion.
Given a fusion systemF , we say thatP,Q ∈ Ob(F ) areF -conjugate if they are isomorphic
as objects in F . The F -conjugacy class of an object P is denoted by PF .
Definition 1.3. Let F be a fusion system over a discrete p-toral group S, and let P ≤ S.
• P is fully F -centralized if |CS(P)| ≥ |CS(Q)| for all Q ∈ PF .
• P is fully F -normalized if |NS(P)| ≥ |NS(Q)| for all Q ∈ PF .
The fusion system F is saturated if the following three conditions hold.
(I) For each P ≤ S which is fully F -normalized, P is fully F -centralized, OutF (P) is
finite and OutS(P) ∈ Sylp(OutF (P)).
(II) If P ≤ S and f ∈ HomF (P, S) are such that f (P) is fully F -centralized, and if we set
N f = {g ∈ NS(P) | f ◦ cg ◦ f−1 ∈ AutS( f (P))},
there there is f˜ ∈ HomF (N f , S) such that f˜ |P = f .
(III) If P1 ≤ P2 ≤ P3 ≤ . . . is an increasing sequence of subgroups of S, with P =
⋃∞
n=1 Pn,
and if f ∈ Hom(P, S) is a homomorphism such that f |Pn ∈ HomF (Pn, S) for all n, then
f ∈ HomF (P, S).
Different sets of axioms for saturation of fusion systems are available in the literature.
For instance, in [BLO12, Corollary 1.8] the authors prove an equivalent set of saturation
axioms for a fusion system over a discrete p-toral group, which in turn were inspired on
a set of axioms due to Roberts and Shpectorov. We also prove here an equivalent set of
axioms, this one inspired in [KS08, Definition 2.4].
Lemma 1.4. Let F be a fusion system over a discrete p-toral group S. Then, F is saturated if and
only if it satisfies the following conditions, together with axiom (III) in Definition 1.3.
(I’) OutF (S) is a finite group, and OutS(S) ∈ Sylp(OutF (S)).
(II’) If P ≤ S and f ∈ HomF (P, S) are such that f (P) is fully F -normalized, and if we set
N f = {g ∈ NS(P) | f ◦ cg ◦ f−1 ∈ AutS( f (P))},
there there is f˜ ∈ HomF (N f , S) such that f˜ |P = f .
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Proof. Clearly, if F is saturated then it satisfies (I’), (II’) and axiom (III). Let us prove the
converse.
Step 1. F satisfies axiom (I).
Fix some subgroupP ≤ S, and let f ∈ HomF (P, S) be such that f (P) is fullyF -normalized.
First we have to show that f (P) is fully F -centralized. By (II’), f extends to some f˜ ∈
HomF (N f , S). Since CS(P) ≤ N f , it follows that f˜ (CS(P)) ≤ CS( f (P)). Hence f (P) is fully
F -centralized, since this holds for all Q ∈ PF .
For simplicity, assume now that P itself is fully F -normalized. Then we have to show
that OutF (P) is finite and OutS(P) ∈ Sylp(OutF (P)). If P = S then the claim is obvious, so
suppose that P  S. Suppose in addition that P ismaximal among all (fullyF -normalized)
subgroups of S such thatAutS(P) is not a Sylow p-subgroup ofAutF (P) (thismakes implicit
use of the “bullet” construction in [BLO07, Section §3], which we intentionally omit to
simplify the exposition; details are left to the reader).
Let H ∈ Sylp(AutF (P)) be such that AutS(P)  H. Let also f ∈ H \ AutS(P) be a
morphism normalizing AutS(P) (since both AutS(P) and H are discrete p-toral groups,
such a morphism exists).
It follows then that for each x ∈ NS(P), there exists some y ∈ NS(P) such that f (xgx−1) =
y f (g)y−1, for all g ∈ P, and hence N f = NS(P), and hence by axiom (II’), f extends to some
γ ∈ AutF (NS(P)). Furthermore, by taking an appropriate power of γ, we may assume that
γ has p-power order.
Now, let f ′ ∈ HomF (NS(P), S) be such that N′ = f ′(NS(P)) is fully F -normalized.
Since P  S, it follows by [BLO07, Lemma 1.8] that P  NS(P), and hence AutS(N′) ∈
Sylp(AutF (N
′)). In particular, γ′ = f ′γ( f ′)−1 is conjugated in AutF (N′) to an element in
AutS(N′), and hence we can assume that f ′ has been chosen such that γ′ = ch ∈ AutS(N′),
for some h ∈ NS(N′).
Since γ|P = f , the automorphism γ′ restricts to an automorphism of f ′(P), and hence
y ∈ NS( f ′(P)). It follows that f ′(NS(P)) ≤ NS( f ′(P)), and since P is fully F -normalized, the
last inequality is in fact an equality, and
γ(g) = ( f ′(h)) · g · ( f ′(h))−1
for all g ∈ NS(P), and thus f ∈ AutS(P), in contradiction with the hypothesis of f ∈
H \AutS(P).
Step 2. F satisfies axiom (II).
Let f ∈ HomF (P, S) be such that f (P) is fully F -centralized. We have to show that f
extends to some f˜ ∈ HomF (N f , S).Choose then some γ ∈ HomF (Q, S) such that R = γ(Q)
is fully F -normalized and such that, in the notation of axiom (II’), Nγ = NS(Q), and let
f ′ = γ ◦ f .
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Since R is fully F -normalized, by (II’) it follows that both γ and f ′ extend to morphisms
γ˜ ∈ HomF (Nγ, S) and f˜ ′ ∈ HomF (N f ′ , S) respectively. We want then to see that
(i) N f ≤ N f ′ , and
(ii) f˜ ′(N f ) ≤ γ˜(Nγ).
Were it the case, the composition (γ˜−1 ◦ f˜ ′)|N f would then be the extension of f we are
looking for.
Let first g ∈ N f . It follows then that there is some h ∈ NS(Q) such that f cg f−1 = ch.
Furthermore, since Nγ = NS(Q), it follows then that there is some x ∈ NS(R) such that
cx = γ ◦ ch ◦ γ
−1 = γ ◦ ( f cg f−1) ◦ γ−1 = (γ f ) ◦ cg ◦ (γ f )−1 = ( f ′) ◦ cg ◦ ( f ′)−1.
Since this holds for all g ∈ N f , point (i) above follows.
Let now g ∈ N f , and let x = f˜ ′(g). Let also h ∈ NS(Q) be such f (gyg−1) = h f (y)h−1 for all
y ∈ P. Since x = f˜ ′(g), it follows that f ′(gyg−1) = x f ′(y)x−1, and hence
γ(h f (y)h−1) = f ′(gyg−1) = x f ′(y)x−1,
which in turn implies that x = γ˜(h)c for some c ∈ CS(R). Now, note that CS(P) ≤ N f ′ ,
γ˜(CS(Q)) ≤ CS(R) and, since Q is fully F -centralized, we deduce that γ˜(CS(Q)) = CS(R).
Thus, c ∈ γ˜(Nγ), and hence x ∈ γ˜(Nγ). It follows then that f˜ ′(N f ) ≤ γ˜(Nγ). 
We also prove the following generalization of [LO02, Proposition 1.1] for infinite fusion
systems, which we will apply in Section §5.
Proposition 1.5. Let F be a fusion system over a discrete p-toral group S. Then, F is saturated
if and only if it satisfies axiom (III) of saturated fusion systems and there exists a set X of elements
of order p in S such that the following conditions hold:
(i) each x ∈ S of order p is F -conjugate to some y ∈ X;
(ii) if x, y are F -conjugate elements of order p and y ∈ X, then there is some morphism ρ ∈
HomF (CS(x),CS(y)) such that ρ(x) = y; and
(iii) for each x ∈ X the centralizer fusion system CF (x) is saturated.
Proof. Clearly if F is saturated then the set X of all elements of order p which are fully
F -centralized satisfies the conditions in the statement. Suppose then that F and X satisfy
the conditions above, and let us prove that F is saturated. Set
U
de f
= {(P, x) | P ≤ S, x ∈ Z(P)Γ of order p, with Γ ∈ Sylp(AutF (P)) such that AutS(P) ≤ Γ}
U0
de f
= {(P, x) ∈ U | x ∈ X}
and note that for each nontrivial P ≤ S there is some x ∈ P such that (P, x) ∈ U. We first
check the following claim
(∗) If (P, x) ∈ U0 and P is fully CF (x)-centralized, then P is fully F -centralized.
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Suppose otherwise, and let P′ ∈ PF be fully F -centralized and f ∈ IsoF (P,P′). Let also
x′ = f (x) ∈ Z(P′). By property (ii) of X, there exists some ρ ∈ HomF (CS(x′),CS(x)) such
that ρ(x′) = x. Set then P′′ = ρ(P′) and notice that in particular ρ ◦ f ∈ IsoCF (x)(P,P
′′). Also,
since CS(P′) ≤ CS(x′), the morphism ρ sends CS(P′) injectively into CS(P′′). Furthermore,
|CS(P)| ≤ |CS(P′)| ≤ |CS(P′′)|,
which contradicts the hypothesis that P is fully CF (x)-centralized. This proves (∗).
Now, note that, by definition NS(P) ≤ CS(x) for all (P, x) ∈ U, and hence
AutCS(x)(P) = AutS(P).
If (P, x) ∈ U and Γ ∈ Sylp(AutF (P)) are as in the definition of U, then Γ ≤ AutCF (x)(P), and
in particular the following holds for all (P, x) ∈ U:
(∗∗) AutS(P) ∈ Sylp(AutF (P)) if and only if AutCS(x)(P) ∈ Sylp(AutCF (x)(P)).
We can check now that F satisfies axioms (I) and (II) of saturated fusion systems.
(I) IfP is fullyF -normalized then it is fullyF -centralizedandAutS(P) ∈ Sylp(AutF (P)).
By definition, |NS(P)| ≥ |NS(P′)| for all P′ ∈ PF . Choose then x ∈ Z(P) such that (P, x) ∈ U
and let Γ ∈ Sylp(AutF (P)) be such that AutS(P) ≤ Γ and x ∈ Z(P)
Γ. Then, by properties
(i) and (ii) of the set X, there is some y ∈ X and some ρ ∈ HomF (CS(x),CS(y)) such that
ρ(x) = y. Set P′ = ρ(P) and Γ′ = ρ ◦ Γ ◦ ρ−1 ∈ Sylp(AutF (P
′)).
Note that P′ is fullyF -normalized too, since P is fullyF -normalized andNS(P) ≤ CS(x).
Also, AutS(P′) ≤ Γ′ and y ∈ Z(P′)Γ
′
, so (P′, y) ∈ U0.
By property (iii) of X, the fusion system CF (y) is saturated, and P′ is fully CF (y)-
normalized since it is fully F -normalized. Hence the following holds.
(i) By (∗), P′ is fully F -centralized.
(ii) By (∗∗), AutS(P′) ∈ Sylp(AutCF (y)(P
′)) = Sylp(AutF (P
′)).
Since ρ(NS(P)) = NS(P′), the same holds for P, and (I) is proved.
(II) Let f ∈ HomF (P, S) be such that f (P) is fully F -centralized. Then there exists
f˜ ∈ HomF (N f , S) such that f = f˜ |P, whereN f = {g ∈ NS(P) | f ◦ cg ◦ f−1 ∈ AutS( f (P))}.
Set for simplicity P′ = f (P), and choose x′ ∈ Z(P′) of order p and which is fixed by the
action of AutS(P′), and let x = f−1(x) ∈ Z(P). For all g ∈ N f , the morphism f cg f−1 fixed x′,
and thus cg(x) = x. Hence,
(†) x ∈ Z(N f ), and N f ≤ CS(x), NS(P′) ≤ CS(x′).
Let also y ∈ X be F -conjugate to x and x′, and let ρ ∈ HomF (CS(x),CS(y)) and ρ′ ∈
HomF (CS(x′),CS(y)) be as in property (ii) of X. Sel also Q = ρ(P) and Q′ = ρ(P′). Since P′
is fully F -centralized and CS(P′) ≤ CS(x′), it follows that
(††) ρ′(CCS(x′)(P
′)) = ρ(CS(P′)) = CS(Q′) = CCS(y)(Q
′).
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since Q′ is clearly also fully F -centralized, and hence fully CF (y)-centralized by (∗).
Set ω = ρ′ ◦ f ◦ ρ−1 ∈ IsoF (Q,Q′). By construction, ω(y) = y, and thus ω ∈ IsoCF (y)(Q,Q
′),
and we can apply axiom (II) of saturated fusion systems to ω (considered as a morphism
in CF (y)). It follows then that ω extends to some ω˜ ∈ HomCF (y)(Nω,CS(y)), where Nω =
{g ∈ NCS(y)(Q) |ω ◦ cg ◦ ω
−1 ∈ AutCS(y)(Q
′)}.
By (†), for all g ∈ N f ≤ CS(x), we have
cω˜(ρ(g)) = ω cρ(g)ω
−1 = (ωρ) cg (ωρ)−1 = (ρ′ f ) cg (ρ′ f )−1 = cρ′(h) ∈ AutCS(y)(Q
′),
for some h ∈ NS(P′) such that f cg f−1 = ch. In particular, ρ(N f ) ≤ Nω and, by (††) we have
ω˜(ρ(N f )) ≤ ρ′(NCS(x′)(P
′)). Thus axiom (II) is satisfied with f˜
de f
= (ρ′)−1 ◦ (ω˜ ◦ ρ)|N f . 
Definition 1.6. Let F be a saturated fusion system over a discrete p-toral group S.
• A subgroup P ≤ S is F -centric if CS(Q) = Z(Q) for all Q ∈ PF .
• Asubgroup P ≤ S isF -radical if OutF (P) contains no nontrivial normal p-subgroup.
Given a saturated fusion system F over a discrete p-toral group S, we denote by F c
and F r the full subcategories of F with object sets the collections of F -centric and F -
radical subgroups, respectively. We also set F cr ⊆ F for the full subcategory of F -centric
F -radical subgroups.
Definition 1.7. Let F be a saturated fusion system over a discrete p-toral group.
• A subgroup A ≤ S is strongly F -closed if, for all P ≤ S and all f ∈ HomF (P, S),
f (P ∩ A) ≤ A.
• A subgroup A ≤ S is F -normal if, for all P ≤ S and all f ∈ HomF (P, S), there is
γ ∈ HomF (P · A, S) such that γ|P = f and γ|A ∈ AutF (A).
• A subgroup A ≤ S is F -central if A is F -normal and AutF (A) = {Id}.
The center of F , denoted by Z(F ), is the maximal subgroup of Z(S) that is F -central.
It is an easy exercise to check that an F -normal subgroup is always strong F -closed. In
particular, if A ≤ S satisfies any of the above three properties then A is a normal subgroup
of S. Regarding the notion of F -central subgroup, note that if A is F -central then Amust
be abelian, since AutF (A) = {Id}. There are several alternative definitions for the center
of a saturated fusion system F , all of which are equivalent. See for instance [BCG+07,
Section §6].
Remark 1.8. Let F be a saturated fusion system over a discrete p-toral group S, and let
A ≤ S be an strongly F -closed subgroup. Then NS(P) ≤ NS(P ∩A) for all P ≤ S.
Aschbacher studied in [Asc08] a notion of normality for saturated fusion systems and
subsystems over finite p-groups. The same notion is valid for fusion systems over discrete
p-toral groups, so we state it below without changes.
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Definition 1.9. Let F be a saturated fusion system over a discrete p-toral group S, and let
F ′ ⊆ F be a fusion subsystem over a subgroup S′ ≤ S. The subsystem F ′ is normal in F
if the following conditions hold.
(N1) S′ is strongly F -closed.
(N2) For each P ≤ Q ≤ S′ and each γ ∈ HomF (Q, S), the map sending f ∈ HomF ′(P,Q)
to γ ◦ f ◦ γ−1 is a bijection of sets between HomF ′(P,Q) and HomF ′(γ(P), γ(Q)).
(N3) F ′ is a saturated fusion system over S′.
(N4) Each f ∈ AutF ′(S′) extends to some f˜ ∈ AutF (S′ · CS(S′)) such that
[ f˜ ,CS(S′)]
de f
= { f˜ (g) · g−1 | g ∈ CS(S′)} ≤ Z(S′).
In particular, if F is a saturated fusion system over a discrete p-toral group S and A ≤ S
is an F -normal subgroup, then the fusion subsystem FA(A) ⊆ F is normal.
The notion of transporter system associated to a fusion system was first introduced
in [OV07] for fusion systems over finite p-groups, and then extended to discrete p-toral
groups in [BLO12], with centric linking systems being a particular case. We refer the
reader to the aforementioned sources for further details.
Let G be a group and let H be a family of subgroups of G which is invariant under
G-conjugacy and over-groups. The transporter category of G with respect to H is the
category TH(G) with object setH and morphism sets
MorTH (G)(P,Q) = {x ∈ G | x · P · x
−1 ≤ Q}
for each pair of subgroups P,Q ∈ H .
Definition 1.10. Let F be a fusion system over a discrete p-toral group S. A transporter
system associated toF is a nonempty categoryT such that Ob(T ) ⊆ Ob(F ) is closed under
F -conjugacy and over-groups, together with a pair of functors
TOb(T )(S)
ε
−−−−−→ T and T
ρ
−−−−−→ F
satisfying the following conditions.
(A1) The functor ε is the identity on objects and an inclusion on morphism sets, and the
functor ρ is the inclusion on objects and a surjection on morphism sets.
(A2) For each P,Q ∈ Ob(T ), the kernel
E(P)
de f
= Ker
[
ρP : AutT (P) −−−→ AutF (P)
]
acts freely on MorT (P,Q) by right composition, and ρP,Q is the orbit map of this
action. Also, E(Q) acts freely on MorT (P,Q) by left composition.
(B) For each P,Q ∈ Ob(T ), εP,Q : NS(P,Q)→ MorT (P,Q) is injective, and the composite
ρP,Q ◦ εP,Q sends g ∈ NS(P,Q) to cg ∈ HomF (P,Q).
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(C) For all ϕ ∈MorT (P,Q) and all g ∈ P, the diagram
P
ϕ
//
εP(g)

Q
εQ(ρ(ϕ)(g))

P
ϕ
// Q
commutes in T .
(I) Each F -conjugacy class of subgroups in Ob(T ) contains a subgroup P such that
εP(NS(P)) ∈ Sylp(AutT (P)); that is, such that [AutT (P) : ε(NS(P))] is finite and prime
to p.
(II) Let ϕ ∈ IsoT (P,Q), P ⊳ P˜ ≤ S and Q ⊳ Q˜ ≤ S be such that ϕ ◦ εP(P˜) ◦ ϕ−1 ≤ εQ(Q˜).
Then there is some ϕ˜ ∈MorT (P˜, Q˜) such that ϕ˜ ◦ εP,P˜(1) = εQ,Q˜(1) ◦ ϕ.
(III) Assume P1 ≤ P2 ≤ P3 ≤ . . . in Ob(T ) and ϕn ∈ MorT (Pn, S) are such that, for all
n ≥ 1, ϕn = ϕn+1 ◦ εPn,Pn+1(1). Set P =
⋃∞
n=1. Then there is ϕ ∈ MorT (P, S) such that
ϕn = ϕ ◦ εPn,P(1) for all n ≥ 1.
A centric linking system associated to a saturated fusion systemF is a transporter system
L such that Ob(L) is the collection of all F -centric subgroups of S and E(P) = Z(P) for all
P ∈ Ob(L).
Definition 1.11. A p-local compact group is a tripleG = (S,F ,L), where S is a discrete p-toral
group, F is a saturated fusion system over S, andL is a centric linking system associated
to F . The classifying space of a p-local compact group G is the p-completed nerve of L,
denoted by BG = |L|∧p . The center of G is the center of the fusion system F , and is denoted
by Z(G).
Remark 1.12. Given a saturated fusion system F over a discrete p-toral group S, Levi and
Libman proved in [LL] that there is a unique centric linking system L associated to F ,
thus extending the well-known result for finite saturated fusion systems and p-local finite
groups.
Proposition 1.13. Let G1 = (S1,F1,L1) and G2 = (S2,F2,L2) be p-local compact groups. Then,
BG1 × BG2 is the classifying space of a p-local compact group.
Proof. Consider the product fusion system F1 × F2 over S1 × S2 as defined in [BLO03,
Lemma 1.5]. By this same result, F1 × F2 is a saturated fusion system (the proof applies
verbatim to the compact case, except for axiom (III) which is left to the reader). LetL1×L2
be the centric linking system associated to F1 ×F2. It follows that BG1 × BG2 is equivalent
to B(G1 × G2), where G1 × G2 = (S1 × S2,F1 × F2,L1 × L2). 
The following result will be useful in later sections.
Lemma 1.14. Let G = (S,F ,L) be a p-local compact group with maximal torus T, and let P ≤ S
be F -conjugate to a subgroup of T. Then, CP(T) = T ∩ P.
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In other words, if x ∈ S is F -conjugate to an element of T, then either x ∈ T or x acts
nontrivially on T.
Proof. Let f : P → T be a morphism in F . By taking restrictions if necessary, we may
assume that P = 〈x〉, and furthermore wemay assume that f (P) ≤ T is fullyF -centralized.
Hence, by axiom (II) of saturated fusion systems the morphism f extends to some mor-
phism f˜ : CS(P) · P→ S.
If P acts trivially on T, then T ≤ CS(P), and then in particular f˜ restricts to a morphism
T · P → S (because T is the maximal infinitely p-divisible subgroup of S). Furthermore,
f˜ (T · P) = T, since f (P) ≤ T and f˜ (T) = T. Hence P ≤ T. 
In this paper we deal with fibrations involving (finite) transporter systems and p-local
compact groups. Recall that a fibration over a space B with fibre F is classified by a map
B→ Baut(F), where aut(F) is the topological monoid of self-equivalences of F. In the case
where F is (equivalent to) the classifying space of a p-local compact group G = (S,F ,L),
the space aut(BG) can be described purely in terms of G.
Definition 1.15. Let G = (S,F ,L) be a p-local compact group. An automorphism
Ψ : L

−−−→ L is isotypical ifΨ(εP(P)) = εΨ(P)(Ψ(P)) for each P ∈ Ob(L).
Let then AutItyp(L) be the collection of isotypical automorphisms of L which send
inclusions to inclusions. That is, Ψ ∈ AutItyp(L) if Ψ(εP,Q(1)) = εΨ(P),Ψ(Q)(1) whenever
P ≤ Q. This collection turns out to be a group by [AOV10, Lemma 1.14].
The elements of AutL(S) induce isotypical automorphisms of L by conjugation, as
follows. Fix ϕ ∈ AutL(S), and define cϕ by
cϕ(P) = ρ(ϕ)(P) and cϕ(ψ) = (ϕ|Q,cϕ(Q)) ◦ ψ ◦ (ϕ
−1|cϕ(P),P)
for each P,Q ∈ Ob(L) and all ψ ∈ MorL(P,Q). Notice that cϕ ∈ AutItyp(L) by construc-
tion. Actually, {cϕ |ϕ ∈ AutL(S)} is a normal subgroup of AutItyp(L), so we can define
Outtyp(L)
de f
= AutItyp(L)/{cϕ |ϕ ∈ AutL(S)}. The following is a simplification of [BLO07,
Theorem 7.1].
Proposition 1.16. Let G = (S,F ,L) be a p-local compact group. Then,
pii(aut(BG)) 

Outtyp(L) i = 0
pi1((BZ(G))∧p ) i = 1
pi2((BZ(G))∧p ) i = 2
{0} i ≥ 3
The following generalization of [BLO12, Proposition 7.1] will also be of use in later
sections.
Lemma 1.17. Let G = (S,F ,L) be a p-local compact group, and let T be a finite transporter
system associated to a saturated fusion system. Then there is a bijection from the set of equivalence
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classes of fibrations over |T |with fibre |L| and structure group NAutItyp(L) to the set of equivalence
classes of fibrations over |T | with fibre homotopy equivalent to BG: a bijection which sends the
class of a fibration to the equivalence class of its fibrewise p-completion.
Proof. The same proof of [BLO12, Proposition 7.1] applies here upon observing that, for
i ≥ 1 we have Hi(|T |; (Qp)r) = 0 because T is a finite category. 
Next we recall the construction of the quotient fusion and transporter systems by a
strongly closed subgroup and some other related notions. The following is a summary of
[BLO12, Section §2] adapted to the needs of this paper. Let then F be a saturated fusion
system over a discrete p-toral group S. For each subgroup A ≤ S and each K ≤ Aut(A),
define
• AutKF (A) = K ∩AutF (A);
• AutKS (A) = K ∩AutS(A); and
• NK
S
(A) = {x ∈ NS(A) | cx ∈ K}.
The subgroup A is fully K-normalized in F if we have |NK
S
(A)| ≥ |N
fK
S
( f (A))| for each
f ∈ HomF (A, S), where fK = { fγ f−1 |γ ∈ K} ≤ Aut( f (A)).
Definition 1.18. Let G = (S,F ,L) be a p-local compact group, and let A ≤ S be fully
K-normalized in F for some K ≤ Aut(A). The K-normalizer p-local compact group of A in G
is the triple NK
G
(A) = (NK
S
(A),NK
F
(A),NK
L
(A)), where
• NK
F
(A) is the fusion system over NK
S
(A) with morphism sets
HomNK
F
(A)(P,Q) = { f ∈ HomF (P,Q) | ∃ f˜ ∈ HomF (PA,QA)
such that f˜ |P = f and f˜ |A ∈ K};
• NK
L
(A) is the category with object set the collection of NK
F
(A)-centric subgroups of
NK
S
(A) and with morphism sets
MorNK
L
(A)(P,Q) = {ϕ ∈MorL(PA,QA) | ρ(ϕ)|P ∈ HomNK
F
(A)(P,Q)}.
Remark 1.19. By [BLO12, Theorem 2.3] we know that NK
F
(A) is a saturated fusion system
whenever A is fully K-normalized in F , but it is not straightforward to see that NK
L
(A)
is well defined. This is a consequence of [BLO03, Lemma 6.2]: this result applies to the
compact case, and for all K ≤ Aut(A) such that A is fully K-normalized in F , with minor
modifications on the proof. Details are left to the reader.
There are some particular cases of interest arising from Definition 1.18:
• the normalizer p-local compact group of A in G, denoted by NG(A), corresponding to
K = Aut(A); and
• the centralizer p-local compact group of A in G, denoted by CG(A), corresponding to
K = {Id}.
14 A. GONZÁLEZ
A third case of interest will appear in Section §4. For K = AutS(A), we will denote the
resulting K-normalized p-local compact group ofA byNS
G
(A) = (NS(A),NSF (A),N
S
L
(A)). We
are not aware of this particular case being mentioned anywhere else in the literature.
Let then G = (S,F ,L) be a p-local compact group, and let A ≤ S be an weakly F -closed
subgroup. If P,Q ≤ S are such thatA ≤ P,Q, then eachmorphism f ∈ HomF (P,Q) restricts
to an automorphism ofA, and hence it also induces a homomorphism ind( f ) : P/A→ Q/A.
For a subgroup P/A ≤ S/A, wewill denote by P ≤ S the unique subgroup of S that contains
A with image P/A through the projection S→ S/A.
The following constructions are introduced and studied in detail in §A.1, so here we
only recall the basics. Let G = (S,F ,L) be a p-local compact group, and let A ≤ S be
a weakly F -closed subgroup, so NS(A) = S. Let also NG(A) = (NS(A),NF (A),NL(A)) be
the normalizer p-local compact group of A in G. The quotient of G by A is the triple
(S/A,NF (A)/A,NL(A)/A), where
• NF (A)/A is the fusion system over S/Awith morphism sets
HomNF (A)/A(P/A,Q/A) = { f ∈ Hom(P/A,Q/A) | ∃ f ∈ HomF (P,Q) such that f = ind( f )}.
• NL(A)/A is the category with object set {P ≤ S |A ≤ P ∈ Ob(NL(A))} and morphism
sets
MorNL(A)/A(P/A,Q/A) =MorNL(A)(P,Q)/εP(A).
The notation for the quotient ofG byA is usually simplified asG/A = (S/A,F /A,L/A). By
Proposition A.3 the fusion system F /A is saturated, and by Proposition A.2 the category
L/A is a transporter system associated to F /A.
Lemma 1.20. LetG = (S,F ,L) be a p-local compact group with maximal torus T. If T is strongly
F -closed, then T is F -normal.
The above result applies in particular when CS(T) = T, as a consequence of Lemma 1.14.
Proof. In order to show that T is F -normal, we have to check the following: given P,Q ≤ S
and f ∈ HomF (P,Q), there is a morphism f˜ ∈ HomF (P · T,Q · T) such that f˜ |P = f and
f˜ |T ∈ AutF (T). In fact, since morphisms in F are compositions of restrictions of fully
F -normalized F -centric F -radical subgroups, it is enough to check the above condition
for all automorphisms of such particular kind subgroups.
Let then P ≤ S be and F -centric F -radical subgroup which is fully F -normalized, and
let f ∈ AutF (P). By [BCG+07, Lemma 3.5], applied to FT(T) ⊆ F , P ∩ T is FT(T)-centric,
and hence P ∩ T = T since T is abelian. Normality of T follows immediately. 
2. Irreducible p-local compact groups of rank 1
In this section we introduce the notion of irreducibility for p-local compact groups, and
prove Theorem A in Propositions 2.12 (for odd primes) and 2.13 (for p = 2). We leave all
discussion about irreducibility and related notions to Section §6.
IRREDUCIBLE p-LOCAL COMPACT GROUPS I 15
Definition 2.1. Let G = (S,F ,L) be a p-local compact group with maximal torus T. Then,
(a) G is irreducible if F itself is the only normal fusion subsystem of maximal rank of F .
(b) G is simple if it is irreducible and every proper normal subsystem of F is finite.
Remark 2.2. The notion of irreducibility implies in particular that the only irreducible p-
local finite group is the trivial one. Note also that irreducibility does not imply simplicity.
For instance, the direct product of two irreducible p-local compact groups is irreducible
but not simple. However, when the rank is 1 both notions agree. Recall that a simple
Lie group is a Lie group that does not contain any proper normal connected subgroup.
For instance, the group SU(2) is simple, although it has a normal subgroup isomorphic
to Z/2. Thus our notion of simple p-local compact group is absolutely coherent with the
philosophy of our approach.
Proposition 2.3. Let G = (S,F ,L) be a irreducible p-local compact group. Then BG is simply
irreducible.
Proof. By the Hyperfocal Subgroup Theorem B.5, pi1(BG)  S/O
p
F
(S). Suppose then that
pi1(BG) is not trivial. Then, by Theorem B.12 and Corollary B.13, there is a normal, proper
subsystem F0 ⊆ F over S0 = O
p
F
(S). In particular, T ≤ S0 by definition of O
p
F
(S), and this
contradicts the hypothesis that G is irreducible. 
We describe all irreducible p-local compact groups of rank 1 in the following three
examples. In particular we will tacitly use [BLO07, Section §9] as a recipe to construct
p-local compact groups out of compact Lie groups, although we do not recall here the
instructions given in [BLO07]. After these examples have been analyzed we devote the
rest of this section to show that these are in fact the only possible examples, hence proving
Theorem A.
Example 2.4. The p-local compact group G = (S,F ,L) induced by the circle SO(2) is a
rather trivial example, since its Sylow p-subgroup is abelian. Indeed, it is determined by
the following data:
(a) S = Z/p∞;
(b) F is generated by AutF (S) = {Id}; and
(c) L has object set Ob(L) = {S} and AutL(S) = S.
Note that there are equalities F = FS(S) and L = LS(S). Hence it is obvious that this
p-local compact group is irreducible. Also, the following is a straightforward calculation.
Outtyp(L) = Auttyp(L)  Aut(Z/p∞) 
{
Z/2 × Z∧2 , p = 2
Z/(p − 1) × Z∧p , p > 2
(1)
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Corollary 2.5. Let G = (S,F ,L) be the p-local compact group induced by SO(2). Then,
pii(aut(BG)) 

Aut(Z/p∞) i = 0
{0} i = 1
Z
∧
p i = 2
{0} i ≥ 3
Proof. This is a direct consequence of Proposition 1.16. 
Remark 2.6. Let p be an odd prime and let n ≥ 2 be a divisor of p − 1. By (1), the
group Aut(Z/p∞) contains a subgroup isomorphic to Z/n, namely Γn, and then the p-
local compact group G = (S,F ,L) induced by the Sullivan sphere of dimension 2n − 1 is
determined by the following data:
(a) S = Z/p∞;
(b) F is generated by AutF (S) = Γn; and
(c) L has object set Ob(L) = {S} and AutL(S) = S ⋊ Γn.
It is clear that FS(S)⊳F is a proper normal subsystem of maximal rank, and thus G is not
irreducible.
Example 2.7. The p-local compact group G = (S,F ,L) induced by SO(3). TheWeyl group
of SO(3) is Z/2, acting by the reflection
SO(2)
τ // SO(2)
z ✤ // z−1
(2)
andNSO(3)(SO(2))  SO(2)⋊Z/2, where the Z/2 factor is generated by the above reflection.
Let T ≤ SO(2) be the subgroups of all pn-roots of unity, for all n ≥ 0, so T  Z/p∞. Let us
treat the case p = 2 apart from the case p > 2.
Suppose first that p > 2. In this case we have T = S = Z/p∞. Since S is abelian, the
whole fusion system is determined by AutF (S) = Z/2 (generated by the restriction of the
automorphism τ above). Also, Ob(L) = {S}, with AutL(S) = S ⋊ Z/2. In particular, the
classifying space ofG is the classifying space of a Sullivan sphere, and it is not irreducible.
Suppose then that p = 2. In this case we have
S = 〈{tn}n≥1, x | ∀n : t2
n
n = x
2 = 1, t2n+1 = tn, x · tn · x
−1 = t−1n 〉  D2∞ .
Set T = 〈{tn}n≥1〉 ≤ S, and note that Z(S) = 〈t1〉  Z/2. Set also V = 〈t1, x〉  Z/2× Z/2, with
NS(V) = 〈t2, x〉  D8. By [AM04, II.3.8] we have H1(Z/2;T) = {1} (with coefficients twisted
by the obvious action of Z/2 on T), and it follows that the projection S → 〈x〉  Z/2 has
a unique section up to S-conjugacy. From this, one can deduce that every elementary
abelian subgroup of S isomorphic to (Z/2)2 is S-conjugate to V.
In fact, the only F -centric F -radical subgroups are S and the elements of VF , and thus
we can see F as the fusion system over S generated by
AutF (S) = Inn(S) and AutF (V) = Aut(V)  Σ3
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(that is, every morphism in F is a composition of restrictions of morphisms in the above
sets). The proof thatF defined as above is saturated is left to the reader as an easy exercise.
The linking system L is then determined by
AutL(S) = S and AutL(V)  Σ4.
By [DMW87, Corollary 4.2] it follows thatL is the centric linking system induced by SO(3)
(up to isomorphism). Another interesting feature of this 2-local compact group is that its
center is trivial, i.e. Z(G) = {1}.
It remains to check that in this case G is irreducible. Let F0 ⊆ F be a proper, saturated
subsystem over some S0 ≤ S such that T ≤ S0. Since T ≤ S has index 2 it follows that either
S0 = T or S0 = S. Furthermore, a careful inspection shows that
F0 = FT(T) or F0 = FS(S),
depending on the isomorphism type of S0. However, every element of S is F -conjugate
to an element of T, and hence T is not strongly F -closed. Thus we must have F0 = FS(S).
In this case, normality of F0 inF fails since condition (N2) in Definition 1.9 is not satisfied
(take for instance P = Q = V and γ ∈ AutF (V) an element of order 3).
Example 2.8. The p-local compact groupG = (S,F ,L) induced by SU(2). Recall that there
is a principal fibration
BZ/2 −−−−−→ BSU(2) −−−−−→ BSO(3),
which we can p-complete at all primes p since pi1(BSO(3)) is trivial, by the Fibre Lemma
[BK72, II.5.1]. As we did in Example 2.7, we distinguish between the case p > 2 and the
case p = 2.
Suppose first that p > 2. In this case the p-completion of the above fibration yields an
equivalence
(BSU(2))∧p ≃ (BSO(3))
∧
p .
As an immediate consequence, the p-local compact group G induced by SU(2) is the same
than the p-local compact group induced by SO(3). In particular, the resulting p-local
compact group is not irreducible.
Suppose then that p = 2. In this case we have
S = 〈{tn}n≥1, y | ∀n : t2
n
n = y
4 = 1, t2n+1 = tn, y
2 = t1, y · tn · y
−1 = t−1n 〉  Q2∞ .
Set T = 〈{tn}n≥1〉 ≤ S, with Z(S) = 〈t1〉  Z/2. Set also W = 〈t2, y〉  Q8, with NS(W) =
〈t3, y〉  Q16. By the same arguments used above we deduce that every subgroup P ≤ S
which is isomorphic to Q8 is S-conjugate toW.
The only F -centric F -radical subgroups are S and the elements of WF , and thus F is
the fusion system over S generated by
AutF (S) = Inn(S) and AutF (W) = Aut(W)  Σ4.
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We leave as an exercise the proof that F is saturated. Using the notation of [DMW87,
Section §4], the linking system L is determined by
AutL(S) = S and AutL(W)  O˜48
where O˜48 is the inverse image in SU(2) of the subgroup NSO(3)(V) = Σ4 ≤ SO(3). By
[DMW87, Theorem 4.1] it follows that L is the centric linking system induced by SU(2)
(up to isomorphism). The same arguments applied in Example 2.7 imply that in this case
G is irreducible.
We finish this example by relating it to 2.7. First notice that the center of G is
Z(G) = 〈t1〉  Z/2 = Z(S).
Since central subgroups of G are, in particular, normal in F , we can consider the quotient
of G by Z(G), namely G/Z(G) = (S/Z(G),F /Z(G),L/Z(G)), which is easily seen to be
isomorphic to the 2-local compact group induced by SO(3). Also, there is a fibration
BZ/2 −−−−−→ |L| −−−−−→ |L/Z(G)|
whose 2-completion produces the principal fibration BZ/2 → (BSU(2))∧2 → (BSO(3))
∧
2 (all
this can be checked by direct inspection).
The following computations, related to the above examples, will be needed later.
Proposition 2.9. Let G = (S,F ,L) be the 2-local compact group induced by either SO(3) or
SU(2). Then,
Out(S) = Outfus(S) = Outtyp(L)  Z
∧
2 .
Proof. The group S fits in an extension T → S→ Z/2 where the quotient Z/2 acts on T via
the restriction of (2). Thus by [Suz82, 2.8.7] there is an exact sequence
{1} → H1(Z/2;T) −−−−→ Aut(S)/AutT(S) −−−−→ Aut(T) ×Aut(Z/2), (3)
where the H1(Z/2;T) stands for cohomology with twisted coefficients (by the aforemen-
tioned action of Z/2 on T). We claim that the above sequence induces an exact sequence
{1} → AutT(S) −−−−−→ Aut(S)
Φ
−−−−−→ Aut(T)→ {1}.
Indeed, by [AM04, II.3.8] it follows that H1(Z/2;T) = {1}. Also the term Aut(Z/2) = {Id}
can ignored, and then the sequence (3) reduces to {1} → AutT(S) −−−→ Aut(S)
Φ
−−−→ Aut(T).
To finish the proof of the claim we show that Φ is surjective.
Recall from (1) that Aut(T)  Z/2×Z∧2 , and in this case there is some g ∈ S such that the
subgroup Z/2 ≤ Aut(T) is generated by cg. Finally, it is clear that every automorphism in
Z
∧
2 ≤ Aut(T) extends to an automorphism of S. Hence the claim holds.
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In fact, there is a commutative diagram of exact sequences
AutT(S) // Inn(S) //

〈cg〉

AutT(S) // Aut(S) //

Aut(T)

Z
∧
2 Z
∧
2
Hence Out(S)  Z∧2 . Next we show that Outfus(S) = Out(S). Recall that Autfus(S) is the
collection of automorphism of S which induce an automorphism of F , and Outfus(S) =
Autfus(S)/AutF (S). An easy calculation shows in this case that Autfus(S) = Aut(S), and
hence Outfus(S) = Out(S) since AutF (S) = Inn(S).
Finally, we show that Outtyp(L)  Outfus(S). By [BLO07, Proposition 7.2] together with
[BLO07, Proposition 5.8] there is an exact sequence
{0} → lim
←−
1
Oc(F )
(Z) −−−−→ Outtyp(L) −−−−→ Outfus(S) −−−−→ lim←−
2
Oc(F )
(Z),
where Oc(F ) is the orbit category of F c, andZ(P) = Z(P) (recall that P is a discrete p-toral
group, and thus its center may have positive rank). By [JMO92, Theorem 4.1] both higher
limits vanish, and the isomorphism holds. 
Corollary 2.10. Let G = (S,F ,L) be the 2-local compact group induced by SO(3). Then,
pii(aut(BG)) 
{
Z
∧
2 i = 0
{0} i ≥ 1
Proof. Since Z(G) = {1}, this follows from Propositions 1.16 and 2.9. 
Corollary 2.11. Let G = (S,F ,L) be the 2-local compact group induced by SU(2). Then,
pii(Baut(BG)) 

Z
∧
2 i = 0
Z/2 i = 1
{0} i ≥ 2
Proof. Since Z(G)  Z/2 this follows from Propositions 1.16 and 2.9. 
Weprove now TheoremA.We deal first with the case p > 2, since the case p = 2 requires
a longer proof.
Proposition 2.12. Let p be an odd prime, and let G = (S,F ,L) be a irreducible p-local compact
group of rank 1. Then G is induced by SO(2).
Proof. Since p is odd, Aut(Z/p∞) does not contain any nontrivial finite p-subgroup, and
this implies that every x ∈ S centralizes T. By Lemma 1.14 this means that T is strongly
F -closed, and then Lemma 1.20 implies that T is F -normal. Since G is irreducible, this
means that F = FT(T), and the statement follows. 
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Proposition 2.13. Let G = (S,F ,L) be a irreducible 2-local compact group. Then G is induced
by either SO(2), SO(3) or SU(2).
Proof. Suppose first that S = T. Then, AutF (S) = {1} by (1), and it follows that G is the
2-local compact group induced by SO(2). Suppose then that T  S. If T has index 2
in S, then G must be isomorphic to the 2-local compact group induced by either SO(3)
(Example 2.7) or SU(2) (Example 2.8). Indeed, if |S/T| = 2 then S fits in a group extension
T −−−−−→ S −−−−−→ Z/2,
where Z/2 acts on T by (2). By [AM04, II.3.8] we haveH2(Z/2;T)  Z/2 as sets (coefficients
are twisted by the given action), and thus either S  D2∞ or S  Q2∞ , as described in
Examples 2.7 and 2.8 respectively. Using the explicit description that we have made of
each of these examples it is easy to check then that there are no other irreducible 2-local
compact groups of rank 1 over these discrete 2-toral groups.
We have to show that if G is irreducible then T must be of index 2 in S. We proceed by
contradiction, so suppose that |S/T| ≥ 4. Fix also the following:
• some x ∈ S \ T which is F -conjugate to an element of T; and
• some morphism f : 〈x〉 → T in F .
Set S0 = 〈T, x〉 ≤ S for short. By [AM04, II.3.8], S0 is isomorphic to either D2∞ or Q2∞ , and
in particular x ∈ S/T is an element of order 2, regardless of the isomorphism type of S0.
Set also K = Ker(S/T → Aut(T)) and let x ∈ S/T be the image of x through the obvious
projection. The above implies that S/T  K ⋊ 〈x〉: if τ ∈ Aut(T) denotes the reflection
induced by (2), then the map S/T → Aut(T) maps x to τ, and the exact sequence of groups
{1} → K −−−−−→ S/T −−−−−→ 〈τ〉 → {1}
has a section. The proof is divided into steps.
Step 1. The action of x on K is trivial. Hence S/T  K × 〈x〉.
Suppose otherwise, and let g ∈ (S/T) \ CS/T(x) be such that (g)2 ∈ CS/T(x). Let also
y = g · x · (g)−1. The following is easy to check:
(i) x = g · y · (g)−1;
(ii) (x)2 = 1 = (y)2; and
(iii) x · (yx) · (x)−1 = xy = (yx)−1.
Hence the subgroup 〈x, y〉 ≤ S/T is isomorphic to a dihedral group of order 2n, D2n , for
some n ≥ 2 (where D4  Z/2 × Z/2). In any case, the element x is S/T-conjugate to some
element w ∈ 〈x, y〉 such that w ∈ CS/T(x). Indeed, if n = 2 then y ∈ CS/T(x) and g conjugates
x to y. If n ≥ 3, then x is conjugate (within D2n) to the element xz, where z is the generator
of Z(D2n).
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Choose a representative w ∈ S of the element w. An easy computation shows that we
can choose w ∈ CS(x). Indeed, if w · x · w−1 = x · t for some t ∈ T, then
(tˆw) · x(tˆw)−1 = x,
where tˆ ∈ T is such that (tˆ)2 = t−1 (and such tˆ always exists because T is infinitely 2-
divisible). Choose also some α ∈ S realizing the conjugation w 7→ x. Using the same trick
as above, we can choose α such that α ·w ·α−1 = x. Note that in particular w isF -conjugate
to an element of T.
Apply now axiom (II) of saturated fusion systems to the morphism f : 〈x〉 → T. In
particular, f extends to some f˜ : 〈x,w〉 → S:
〈x,w〉
f˜
// S
x ✤ // t
w ✤ // ω
where t ∈ T and ω < T. We claim that there is a contradiction here.
First note that for each g ∈ S, either g centralizes T or the conjugation action of g on T
is the same as the conjugation action of x on T. Since w and ω are both F -conjugate to x it
follows by Lemma 1.14 that both w and ω act nontrivially on T, and that x · w centralizes
T. Now, we have
f˜ (x · w) = t · ω,
and t · ω is S-conjugate to ω. Hence x · w is F -conjugate to an element of T, contradicting
Lemma 1.14. This proves that x acts trivially on K.
Step 2. The subgroup S0 ≤ S is strongly F -closed.
Suppose otherwise and let γ : 〈y〉 → S0 be amorphism inF with y ∈ S\S0. Note that we
may assume that γ(y) ∈ T: if γ(y) < T, then γ(y) = x · t for some t, and there is a sequence
of morphisms in F with the following effect
y ✤
γ
// γ(y) = xt ✤
ct′ // x ✤
f
// f (x) ∈ T,
for some t′ ∈ T. It follows that y < CS(T) by Lemma 1.14. In particular this implies that
y = x · z · t for some z ∈ CS(T) \ T (in particular z , 1) such that z ∈ CS/T(x) and some t ∈ T.
Furthermore, we can choose z and t such that y ∈ CS(x). The same arguments used in Step
1 apply now to show that the existence of γ is impossible.
Indeed, by axiom (II) of saturated fusion systems the morphism f : 〈x〉 → T extends to
some f˜ : 〈x, y〉 → S, where f˜ (y) acts nontrivially on T, andwe have the following sequence
of morphisms in F
x · y ✤
f˜
// f (x) · f˜ (y) ✤
ct′ // f˜ (y) ✤
f˜−1
// y ✤
γ
// γ(y) ∈ T,
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for some t′ ∈ T such that (t′)2 = f (x) (such element exists because f (x) ∈ T and f˜ (y) acts
nontrivially on T). Now the above contradicts Lemma 1.14 because xy ∈ CS(T) \ T by
hypothesis.
Step 3. If |S/T| ≥ 4 then G is not irreducible.
Let S0 ≤ S be as defined above, and let F0 be the fusion system over S0 described in
Examples 2.7 or 2.8, depending on the isomorphism type of S0. Let alsoW = 〈x, f (x)〉 ≤ S0.
Since x is F -conjugate to an element of T, it follows now that
AutF (W) = AutF0(W) = Aut(W) AutF (S0) = AutF0(S0) = Inn(S0).
Hence F0 ⊆ F is a proper fusion subsystem (since S0 is a proper subgroup of S), and we
claim that F0 is normal subsystem of F .
By Step 2 the subgroup S0 ≤ S is strongly F -closed. Condition (N2) follows by the
above equalities. Saturation of F0 was proved in Examples 2.7 and 2.8 (or rather left
as an easy exercise to the reader). Finally, condition (N4) follows immediately because
AutF0(S0) = Inn(S0). 
Remark 2.14. Let G = (S,F ,L) be a p-local compact group of rank 1. The above case-by-
case arguments show in particular the following: there is an (up to isomorphism) unique
irreducible p-local compact groupG0 = (S0,F0,L0) such thatF0 is normal inF . Indeed, let
S0 be the intersection of all the strongly F -closed subgroups of S that contain the maximal
torus T, which is the minimal strongly F -closed subgroup of S that contains T. If S0 = T
then G0 is the p-local compact group induced by SO(2). Otherwise (only if p = 2), S0 has
the isomorphism type of eitherD2∞ orQ2∞ , and G0 is the 2-local compact group described
in either Example 2.7 or 2.8.
Definition 2.15. Let G = (S,F ,L) be a p-local compact group of rank 1. The irreducible
component of G is the p-local compact group G0 in Remark 2.14.
3. The proof of Theorem B
In this section we study fibrations where the base is the nerve of a finite transporter
system associated to a saturated fusion system, andwhere the fibre is the classifying space
of a irreducible rank 1 p-local compact group. The goal is to prove Theorem B: the total
space of such a fibration is, up to p-completion, the classifying space of a p-local compact
group. This is done in Propositions 3.1, 3.2 and 3.3, depending on the isomorphism type
of the fibre.
Fix then (S,F ,L), where S is a finite p-group, F is a saturated fusion system over S,
and L is a transporter system associated to F . Assume in addition that Ob(L) contains
all the F -centric F -radical subgroups of S, so in particular |L|∧p is the classifying space of
a p-local finite group.
Proposition 3.1. Let F → X → |L| be a fibration where F ≃ (BSO(2))∧p . Then X
∧
p is the
classifying space of a p-local compact group.
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Proof. The natural map |L| → Baut((BSO(2))∧p ) factors through the following commutative
diagram
|L| //

Baut((BSO(2))∧p )

pi1(|L|) // BOut((BSO(2))∧p )
where Out((BSO(2))∧p ) ≃ Out(T). Let then Φ : S → Out(T) be the group homomorphism
induced by the composition BS → |L| → BOut(T), and let S1 = Ker(Φ). As usual, we
distinguish the case p > 2 from the case p = 2.
Step 1. The case p > 2.
By Lemma 1.17 there is a fibration BT −−−→ X∗ −−−→ |L| whose fibrewise p-completion
is the original fibration, and this in turn corresponds to an extension of the transporter
system L by the discrete p-toral group T in the sense of Definition A.4. By Corollary A.8
there exists a transporter system (S,F ,T ), where
• S is a discrete p-toral group with maximal torus T and S/T  S;
• F is a fusion system over S, T is F -normal and F /T  F ;
• T is a transporter system associated to F , and T /T  L; and
• the space |T | is equivalent to X∗.
We claim that the extension T → L → L is admissible in the sense of Definition A.6.
We have to show that the following condition holds: if P ≤ S is fully F -centralized and
CS1(P) ≤ P, then P ∈ Ob(L).
If p > 2 then S1 = S since Out(T) does not contain any nontrivial finite p-subgroup.
Thus the extension is admissible if L contains all the F -centric F -radical subgroups of S,
which is the case by hypothesis.
Step 2. The case p = 2.
In this case, either Φ is trivial or Φ surjects onto the Z/2 factor of Out(T) generated by
the reflection τ described in (2). If Φ is trivial, then the above arguments for p > 2 apply
without modification and the statement follows. Suppose then that Im(Φ) = 〈τ〉 ≤ Out(T).
In this case, consider the commutative diagram
F // Y //

F˜

F // X //

|L|

BZ/2 BZ/2
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where F˜ is the homotopy fibre of the map |L| → BOut(T). By construction, the fibration
F −−→ Y −−→ F˜ is a nilpotent fibration, and thus
Y∧2 −−−−−→ (F˜)
∧
2
is a fibrationwhose fibre is equivalent to F by theNilpotent Fibration Lemma [BK72, II.4.8]
(recall that F is already 2-complete).
Notice also that (F˜)∧2 is the classifying space of a 2-local compact group. Indeed, the
transporter system (S,F ,L) determines a 2-local finite group G, and the fibration
F˜ −−−−−→ |L| −−−−−→ BZ/2
implies that (F˜)∧2 is the classifying space of a certain 2-local finite subgroup of G of index
2, by [BCG+07, Theorem A].
Let then G˜ = (S˜, F˜ , L˜) be the 2-local finite group induced by (F˜)∧2 , and note that S˜ = S1
by construction. There is a commutative diagram of fibrations
F // Y∗

// |L˜|

F // Y∧2
// (F˜)∧2
and thus by Lemma 1.17 there is a fibration
BT −−−−−→ Y′∗ −−−−−→ |L˜|.
Since S˜ acts trivially on T by construction, it follows that the above fibration is the realiza-
tion of an admissible extension of transporter systems, and thus
(Y′∗)
∧
2 ≃ (Y∗)
∧
2 ≃ Y
∧
2
is the classifying space of a 2-local compact group. The proof is finished then by [BLO12,
Theorem 7.3] applied to the fibrewise 2-completion of the fibration Y→ X → BZ/2. 
Proposition 3.2. Let F → X → |L| be a fibration where F ≃ (BSO(3))∧2 . Then X
∧
2 is the
classifying space of a 2-local compact group.
Proof. In this case, the map pi : |L| → Baut(F∧2 ) → BOut(F
∧
2 ) is nulhomotopic. Indeed, by
Proposition 2.9 we know that Out(F∧2 )  Z
∧
2 and the mappimust be nulhomotopic because
L is a finite category. By Corollary 2.10 this means that the map |L| → Baut(F∧2 ) is also
nulhomotopic, and hence
X ≃ F × |L|.
The statement follows by Proposition 1.13. 
Proposition 3.3. Let F → X → |L| be a fibration where F ≃ (BSU(2))∧2 . Then X
∧
2 is the
classifying space of a 2-local compact group.
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Proof. LetG = (S,F ,L) be the 2-local compact group described in Example 2.8, so BG ≃ F,
and recall that S contains a single element of order 2, namely t1 ∈ T. Hence 〈t1〉 ≤ S is an
F -central subgroup, and the quotient (S/〈t1〉,F /〈t1〉,L/〈t1〉) is the 2-local compact group
induced by SO(3). Furthermore, the fibration BZ/2 → |L| → |L/〈t1〉| can be completed to
a fibration
BZ/2 −−−−−→ |L|∧2 −−−−−→ |L/〈t1〉|
∧
2 .
Since every map BZ/2→ BG factors through BS→ BG up to homotopy, it follows now
that Map(BZ/2,BG) has only two irreducible components, corresponding to the trivial
map and to the inclusion map ι : B〈t1〉 → BT → BG.
Actually, the map ι factors as
B〈t1〉
ι //
((
BG
BSU(2)
(−)∧2
OO
where the map B〈t1〉 −−−→ BSU(2), which by abuse of notation we denote also by ι, is
induced by the inclusion of the center of SU(2). Hence we have
Map(BZ/2,BG) ≃Map(BZ/2,BG)triv
∐
Map(BZ/2,BG)ι ≃ BG
∐
BG,
where Map(BZ/2,BG)triv ≃ BG by [BLO07, Theorem 6.3 (c)] and Map(BZ/2,BG)ι ≃ BG
since Map(BZ/2,BSU(2))ι ≃ BSU(2).
As a consequence, if γ : BZ/2 → X is such that the composition BZ/2 → X → |L| is
nulhomotopic, but γ itself is not nulhomotopic, then γ lifts to ι (up to homotopy):
BZ/2
γ

ι
~~
≃∗
""❊
❊
❊
❊
❊
❊
❊
❊
F // X // |L|.
There is then a fibration Map(BZ/2, F)ι → Map(BZ/2,X)γ → Map(BZ/2, |L|)triv, and it
follows that Map(BZ/2,X)γ ≃ X.
Consider then the composition γ : BZ/2
ι
−−−→ F −−−→ X, which is easily seen not to be
nulhomotopic. By the above Map(BZ/2,X)γ ≃ X, and we can define the quotient of X by
the map γ as follows. We have
BZ/2 × X ≃ BZ/2 ×Map(BZ/2,X)ι
ev
−−−−−→ X
and hence we have an action of BZ/2 on X. Set then Y to be the Borel construction of this
action, Y
de f
= EBZ/2 ×BZ/2 X. There is a fibration sequence BZ/2
ι
−−→ X −−→ Y −−→ B2Z/2,
and in particular Y is seen as the quotient of X by ι. Furthermore, there is a homotopy
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commutative diagram of fibrations
BZ/2

BZ/2

F //

X //

|L|
F // Y // |L|.
where F ≃ |L/〈t1〉|∧2 ≃ (BSO(3))
∧
2 .
The space Y is up to 2-completion the classifying space of a 2-local compact group by
Proposition 3.2, and then the statement follows for X because it is a central extension of
2-local compact groups. 
4. The proof of Theorem C
In this section we describe how each p-local compact group of rank 1 gives rise to a
fibration over a certain finite transporter systems with fibre the classifying space of the
corresponding irreducible component.
Let then G = (S,F ,L) be a p-local compact group of rank 1, and let G0 = (S0,F0,L0) be
its irreducible component. In particular, S0 ≤ S is an strongly F -closed subgroup, and
we can consider the normalizer of S0 in G, NG(S0) = (S,NF (S0),NL(S0)), as defined in 1.18,
and the quotient transporter system, which we denote by G = (S,F ,L) to simplify the
notation (so S = S/S0, F = F /S0 and L = L/S0 in the notation of A.1).
Proposition 4.1. The transporter system L contains all the F -centric subgroups.
Proof. Suppose otherwise, and let P ≤ S be an F -centric subgroup which is not contained
in Ob(L). Let also P ≤ S be the preimage of P. Then by construction P is notF -centric. We
may assume that P is fully F -centralized, and thus Z(P)  CS(P). However, this would
imply that Z(P)  CS(P), contradicting the centricity of P, and thus a contradiction. 
The proof of Theorem C is done, as usual, via a case-by-case argument, depending on
the isomorphism type of G0. This way, Theorem C is proved in Proposition 4.2 when G0
is induced by SO(2), Proposition 4.10, when G0 is induced by SO(3), and Proposition 4.12
whenG0 is induced by SU(2). In this sense, the case of SO(2) poses no difficulties, the case
of SO(3) takes most of the work in this section, while the case of SU(2) follows easily from
the case of SO(3) once it has been solved.
Proposition 4.2. Suppose that G0 is induced by SO(2). Then there is a fibration F → X → |L|,
where X∧p ≃ BG and F ≃ BG0.
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Proof. Since S0 = T is strongly F -closed, it follows by Lemma 1.20 that S0 is F -normal.
Hence NG(S0) = G and there is an extension of transporter systems
S0 −−−−−→ L −−−−−→ L.
The fibration F → X → |L| is the fibrewise p-completion of the realization of the above
extension. 
In particular the above result proves Theorem C for all odd primes, and thus we may
assume that p = 2 for the rest of this section. Next we prove TheoremCwhenG is a 2-local
compact group whose irreducible component is induced by SO(3).
Fix then a 2-local compact group G = (S,F ,L) whose irreducible component G0 =
(S0,F0,L0) is induced by SO(3). In order prove Theorem C in this case, first we analyze in
great detail the relationship between G and G0. Each statement from this point to the end
of this section applies only to this situation unless otherwise specified. For the sake of a
better reading let us recall the notation of Example 2.7 for G0. First, we have
S0 = 〈{tn}n≥1, x | ∀n : t2
n
n = x
2 = 1, t2n+1 = tn, x · tn · x
−1 = t−1n 〉  D2∞ .
We set then T = 〈{tn}n≥1〉  Z/2∞ and V = 〈x, t1〉  Z/2 × Z/2. Note that NS0(V) = 〈x, t2〉 is
a dihedral group of order 8. The subgroups S0 and V are representatives of the only two
conjugacy classes of F0-centric F0-radical subgroups, with
AutF0(S0) = Inn(S0) and AutF0(V) = Aut(V)  Σ3.
More specifically, we fix the following presentation of AutF0(V):
AutF0(V) = 〈ct2, f0 | (ct2)
2 = Id = f 30 , ct2 ◦ f0 ◦ (ct2)
−1 = f−10 〉.
By inspection we deduce that if P ≤ S0 is F0-centric but not F0-radical then either
• P = T; or
• P is a finite dihedral group of order greater or equal than 8.
Let Lcr0 ⊆ L0 be the full subcategory of F0-centric F0-radical subgroups. We have
AutLcr0 (S0)  S0 AutLcr0 (V)  Σ4.
Lemma 4.3. If P ≤ S is F -centric F -radical then P ∩ S0 is F0-centric F0-radical.
Proof. For simplicity assume that P is also fully F -normalized. By [BCG+07, Lemma 3.5]
we already know that P ∩ S0 is F0-centric, and we prove the second part of the statement
by contradiction, so suppose that P ∩ S0 is not F0-radical.
In particular P ∩ S0  S0, so either P ∩ S0 = T or P ∩ S0 is a finite dihedral group and
t2 ∈ P ∩ S0. Suppose first that P ∩ S0 = T, and let P˜ ≤ S be the preimage of P/T. Then
P ≤ P˜ is a subgroup of index 2, and in particular it is a normal subgroup. Furthermore,
S0 ≤ P˜ ≤ NS(P), and conjugation by x ∈ S0 induces a nontrivial automorphism of Pwhich
is not inner.
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The exact sequence of [Suz82, 2.8.7] has the form
{1} → KP −−−−→ AutF (P) −−−−→ AutF (T) ×Aut(S/S0),
for some 2-subgroup KP ≤ AutF (P), and where AutF (T) = 〈cx〉. Since P is F -centric
F -radical we know that KP ≤ Inn(P), and it follows that the subgroup 〈KP, cx〉 ≤ AutF (P)
is normal, which contradicts the hypothesis that P is F -radical.
Suppose then that P ∩ S0  D2n for some n ≥ 3. In this case it is easy to check that
tn ∈ NS(P) \ P. Since P/(P∩ S0) acts trivially on T it also follows easily that 〈ctn〉 ≤ AutF (P)
is a normal subgroup, and this again contradicts the radicality of P. 
Lemma 4.4. Let P ≤ S be such that Tn ≤ P for some n ≥ 2. Then, for each f ∈ HomF (P, S) there
is some f˜ ∈ HomF (PT, S) such that f = f˜ |P.
Proof. Every morphism f ∈ HomF (P, S) is a composition of restrictions of automorphisms
ofF -centricF -radical subgroups by Alperin’s fusion theorem [BLO07, Theorem 3.6]. The
statement follows then by Lemma 4.3. 
Remark 4.5. Recall that every H ∈ F cr0 is fully normalized in both F0 and F . Thus the
following holds.
(i) If P ∈ F cr then P ∈ NF (P ∩ S0)cr and
AutNL(P∩S0)(P) = AutL(P).
This follows because AutNF (P∩S0)(P) = AutF (P) by definition of NF (P ∩ S0), and
because NNS(P∩S0)(P) = NS(P) by Remark 1.8.
(ii) If H ∈ F cr0 and P ∈ NF (H)
c is such that P ∩ S0 = H then P ∈ F c, and
AutNL(H)(P) = AutL(P).
This follows because P is F -centric by Remark 1.19, and AutNF (H)(P) = AutF (P) by
definition of NF (H).
In particular, in order to describeG it is enough to describe the normalizer 2-local compact
groups NG(S0) andNG(V), since every centric radical subgroup in F is, up to S-conjugacy,
centric radical in one of these normalizers.
Let NS
G
(V) = (NS(V),NSF (V),N
S
L
(V)) be the K-normalizer p-local finite group of V in G,
for K = AutS(V), as defined in 1.18. The idea to prove Proposition 4.10 is to extend the
homology decomposition
BΣ4 = BAutL0(V)←−−−−− BD8 = BNS0(V) −−−−−→ BAutL0(S0) = BD2∞
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of BG0 described in [DMW87, Corollary 4.2] to awhole (homotopy) commutative diagram
of fibrations
BAutL0(V)

BNS0(V) //oo

BAutL0(S0)

|NL(V)|

|NS
L
(V)| //oo

|NL(S0)|

|L| |L| |L|
(4)
Roughly speaking, themiddle and rightmost fibrations arise naturally, since S0 andNS0(V)
are normal in NF (S0) and NSF (V) respectively. The leftmost fibration requires a deeper
understanding of NG(V).
Lemma 4.6. Let P ∈ Ob(NL(S0)) be such that S0 ≤ P. Then, CP(V) is F -centric.
Proof. We have to show that CS(Q) ≤ Z(Q) for each Q ∈ CP(V)F which is fully F -
normalized. Thus, fix some Q ∈ CP(V)F as above, and let f ∈ HomF (NS(CP(V)), S) be
such that f (CP(V)) = Q. For simplicity, we may assume that Q ∩ S0 = V and f (V) = V.
The following holds:
(a) P = CP(V)T. Indeed, CP(V)T ≤ P by definition, and if h ∈ P \ CP(V) then there is some
t ∈ T such that ht ∈ CP(V).
(b) There is some f˜ ∈ HomF (NS(CP(V))T, S) such that f˜ |NS(CP(V)) = f . This is because
NS(CP(V)) ∩ S0 = NS0(V), so T2 ≤ NS(CP(V)), and thus Lemma 4.4 applies.
Set then R = f˜ (P). We have Q = CR(V) and R = QT.
Finally, let g ∈ CS(Q). Since V ≤ Z(Q) by definition, we may choose the element g such
that g ∈ CS(T) (otherwise replace g by gx), and thus g ∈ CS(QT) = CS(R) = Z(R), since R is
F -centric. In particular, g ∈ CR(V) = Q, and the statement follows. 
Lemma 4.7. There is an isomorphism AutL(CS(V))  AutL0(V) × AutL(S/S0). In particular,
CS(V) ∈ NF (V)cr.
Proof. Set for short C = CS(V). A first observation is that C is NF (V)-centric. Indeed, V is
NF (V)-normal by definition, and hence C is weakly NF (V)-closed. Also, NS(V) = 〈C, t2〉,
with t2 < CNS(V)(C), and the claim follows.
Another easy observation is that C/V = S/S0. Clearly, C ∩ S0 = V, and thus we have
C/V = C/(C ∩ S0) ≤ S/S0. Conversely, if g ∈ S represents some class in S/S0 then there is
some t ∈ T such that gt ∈ CS(V), and the claim follows.
By Remark 4.5 we have AutNF (V)(C) = AutF (C). Consider then the exact sequence
induced by [Suz82, 2.8.7]
{1} → KC −−−−→ AutF (C)
Φ
−−−−→ AutF (V) ×Aut(C/V),
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where KC is a 2-group. Since NS(V) = 〈C, t2〉, it follows that KC ≤ Inn(C) (conjugation by t2
cannot be an element of KC). The rest of the proof is divided into steps.
Step 1. The restriction resC
V
: AutF (C)→ AutF (V) has a section.
Let f0 ∈ AutF (V) be an element of order 3, and let f ∈ AutF (C) be such that f |V = f0.
Consider also ω = ct2 ∈ AutF (C). We have
Φ( f ) = ( f0, f ) Φ(ω) = (ct2 , Id)
for some f ∈ Aut(C/V). The second equality holds since C/V acts trivially on T. Define
then γ = ω ◦ f ◦ω−1 ◦ f−1 ∈ AutF (C). We have
Φ(γ) = (ct2 ◦ f0 ◦ c
−1
t2
◦ f−10 , f ◦ ( f )
−1) = ( f0, Id).
In particular, γ3 ∈ Ker(φ) = KC, which is a 2-group, and it follows that 〈γ〉 ≤ AutF (C) has
a subgroup of order 3. We may assume that γ is of order 3 for simplicity.
We have to check that 〈γ, ω〉 ≤ AutF (C) has the right isomorphism type. Essentially we
have to show that ω ◦ γ ◦ω−1 = γ−1. Since γ = ω ◦ f ◦ω−1 ◦ f−1 and ω has order 2, it follows
that
ω ◦ γ ◦ ω−1 = ω ◦ (ω ◦ f ◦ω−1 ◦ f−1) ◦ ω−1 = γ−1.
Hence, the morphism σC : AutF (V) → AutF (C) defined by σC(ct2) = ω and σC( f0) = γ is a
section of the restriction homomorphism.
Step 2. The subgroup KC ≤ AutF (C) is trivial.
Suppose otherwise that KC , {Id}, and let ck ∈ KC be such that ck , Id for some k ∈ C. In
particular there is some g ∈ CC(T) such that
ck(g) = gt1.
Indeed, ck ∈ KC implies that ck(g) ∈ gV for all g ∈ C. Since we are assuming that ck , Id
there must be some g ∈ C such that ck(g) , g, and hence ck(g) = gt1 since CS(T) ⊳NS(T). If
g < CC(T), then gx ∈ CC(T) is such that ck(gx) = (gx)t1.
Let now σC : AutF (V)→ AutF (C) be the section to resCV constructed in Step 1, and recall
that every element of Im(σC) induces the identity on C/V. In particular, if f ∈ Im(σC) is
such that f (t1) = x and g ∈ CC(T) is such that ck(g) = gt1, then
c f (k)( f (g)) = ( f ◦ ck ◦ f−1)( f (g)) = f (g)x,
which is impossible: if f (g) ∈ CC(T) then f (g)x < CC(T), and if f (g) < CC(T) then f (g)x ∈
CC(T). Hence, KC = {Id}. As a consequence, AutF (C)  Im(Φ) = AutF (V) × A for some
A ≤ Aut(C/V). In particular, Im(σC) ⊳AutF (V).
For simplicity let us identify AutF (C) with AutF (V) × A. Then, it is not difficult to
see that every f ∈ A ≤ AutF (C) extends to an automorphism of C · T = S, and thus
A = Aut
F
(S/S0). In particular, Cmust be NF (V)-centric NF (V)-radical, since both F0 and
F are saturated fusion systems.
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Step 3. AutL(C) contains AutL0(V) as a normal subgroup.
Consider the exact sequence {1} → Z(C) −−−−→ AutL(C) −−−−→ AutF (C) → {1}, and let
B ≤ AutL(C) be the pull-back of the above sequence with σC : AutF (V) → AutF (C), the
section of resC
V
constructed in Step 1. Let f ∈ Im(σC) be such that
f (x) = t1 f (t1) = xt1 f (xt1) = x.
Then there is some element ϕ ∈ B of order 3 such that ρ(ϕ) = f , and we claim that
AutL0(V)  〈ϕ,NS0(V)〉 ⊳AutL(C).
The proof of AutL0(V)  〈ϕ,NS0(V)〉 is left to the reader as an easy exercise: there is an
exact sequence V → 〈ϕ,NS0(V)〉 → AutF (V), and with this the claim follows easily.
Let us prove that 〈ϕ,NS0(V)〉 ⊳ AutL(C). Clearly, ψ ◦ ε(y) ◦ ψ
−1 ∈ 〈ϕ,NS0(V)〉 for all
ψ ∈ AutL(C) and all y ∈ NS0(V). Also, by Step 2 it follows that
ψ ◦ ϕ ◦ ψ−1 = ε(z) ◦ ϕ
for some z ∈ Z(C). Equivalently, ϕ ◦ ψ−1 ◦ ϕ−1 = ψ−1 ◦ ε(z), and then
ψ−1 = ϕ3 ◦ ψ−1 ◦ ϕ−3 = ψ−1 ◦ ε(z) ◦ ε( f (z)) ◦ ε( f 2(z)).
This in turn implies that z · f (z) · f 2(z) = 1, which holds only when z ∈ V ≤ Z(C) since f
induces the identity on C/V. Thus 〈ϕ,NS0(V)〉 is normal in AutL(C).
Step 4. The isomorphism type of AutL(C).
By Step 2, Z(C/V) = Z(C)/V, and there is a commutative diagram
V //

Z(C) //

Z(C/V)

AutL0(V) //

AutL(C) //

AutL(C)/AutL0(V)

AutF0(V) // AutF (C) // AutF (C/V)
It is not difficult to see that AutL(C)/AutL0(V)  AutL(S/S0). Now, AutL0(V)  Σ4, which
is a complete group (it is centerless, and all of its automorphisms are inner), and it follows
that AutL(C)  AutL0(V) ×AutL(S/S0). 
Corollary 4.8. The are isomorphisms
NS(V)  NS0(V) × S/S0 and CS(V)  V × S/S0.
Proof. This is a straightforward consequence of Lemma 4.7 above. 
Lemma 4.9. Let N(V) ⊆ NL(V) be the full subcategory of NL(V) with object set Ob(N(V)) =
{P ∈ Ob(NL(V)) | P ≤ CS(V)}. Then the following holds.
(i) If P ∈ N(V) then AutNL(V)(P) = AutL(P)  AutL0(V) ×AutL(P/V).
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(ii) If R ∈ NF (V)cr then CR(V) ∈ N(V) and there is a monomorphism
ResRCR(V) : AutNL(V)(R) −−−−→ AutNL(V)(CR(V)).
In particular, there is an equivalence |N(V)| ≃ |NL(V)|.
Proof. Toprove (i) fix some P ∈ N(V), whichwemay assume to be fullyNF (V)-normalized.
Then P  V × P/V. If we consider the exact sequence induced by [Suz82, 2.8.7],
{1} → KP −−−−→ AutF (P) −−−−→ AutF (V) ×Aut(P/V),
then clearly KP ≤ Inn(P). By restriction from AutF (CS(V)), we get a commutative diagram
AutF (V)
σP //
σC

AutF (P)

AutF (CS(V))
res
CS(V)
P
// HomNF (V)(P,CS(V))
where σC : AutF0(V) → AutF (CS(V)) is the section to res
CS(V)
V
constructed in the proof of
Lemma 4.7, and σP : AutF0(V)→ AutF (P) is a section of res
P
V.
Now Steps 2, 3 and 4 in the proof of Lemma 4.7 apply to P (just replace the subgroup
CS(V) by the subgroup P everywhere), and it follows that
AutNL(V)(P) = AutL(P)  AutL0(V) ×AutL(P/V) = AutL0(V) ×AutL(PT/S0).
To prove (ii) fix some R ∈ NF (V)cr, with R  (R ∩ S0) × R/(R ∩ S0). Since V is NF (V)-
normal by definition it follows that V ≤ R. If R ∩ S0 = V then clearly CR(V) = R and there
is nothing to check. Suppose then that R ∩ S0 = NS0(V).
We may assume that CR(V) is fully NF (V)-normalized. Indeed, suppose it is not,
and let Q ∈ CR(V)NF (V) be fully NF (V)-normalized. Choose also some homomorphism
f ∈ HomNF (V)(NNS(V)(CR(V)),NS(V)) such that f (CR(V)) = Q. Then we may replace R and
CR(V) by Q˜ = f (R) and Q respectively. By construction Q = CQ˜(V).
Now, if CR(V) is not NF (V)-centric, then there is some g ∈ CNS(V)(CR(V)) \ Z(CR(V)). We
may choose g ∈ CNS(V)(T) (otherwise replace g by gx), and then g ∈ CNS(V)(R) = Z(R), since
R = 〈CR(V), t2〉. But this implies that g = yt2 for some y ∈ CR(V), and this is impossible
since yt2 < CR(V). Thus CR(V) ∈ N(V).
By [BLO07, Lemma 1.10] there is a restriction homomorphism
ResRCR(V) : AutNL(V)(R) −−−−−→ AutNL(V)(CR(V)).
We have to show that it is a monomorphism. If R = CR(V) then there is nothing to check,
so suppose that R = 〈CR(V), t2〉.
First we claim that NNS(V)(R) = NNS(V)(CR(V)). The inclusion NNS(V)(R) ≤ NNS(V)(CR(V))
follows sinceV isNF (V)-normal, and the inclusionNNS(V)(R) ≥ NNS(V)(CR(V)) follows since
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〈t2〉 ≤ NS(V) is weakly NF (V)-closed. As a consequence there is a commutative diagram
NNS(V)(R)
εR

NNS(V)(CR(V))
εCR(V)

AutNL(V)(R) ResRCR(V)
// AutNL(V)(CR(V))
Let now ϕ ∈ Ker(ResRCR(V)). This means in particular that ρ(ϕ)|CR(V) = Id ∈ AutF (CR(V)).
Since R = 〈CR(V), t2〉 and 〈t2〉 ≤ NS(V) is weakly NF (V)-closed, then
ρ(ϕ)(t2) = t2 or ρ(ϕ)(t2) = t−12 = cx(t2).
In either case ϕ ∈ εR(NNS(V)(R)), and the above commutative diagram implies that ϕ is the
trivial element in AutNL(V)(R).
Finally, the inclusion functor N(V) → NL(V) induces an equivalence between the cor-
responding realization of nerves by [Qui73, Theorem A] and [BCG+05, Theorem B]. 
Proposition 4.10. Suppose that g0 is induced by SO(3). Then there is a fibration F→ X → |L|,
where X∧2 ≃ BG and F ≃ BG0.
Proof. Consider the normalizer 2-local compact groups NG(S0), NG(V) and NSG(V) (see
Remark (1.19), and notice that, by definition NS
L
(V) ⊆ NL(V)). Let also N(V) ⊆ NL(V) be
the full subcategory defined in Lemma 4.9, and letNS(V) ⊆ NS
L
(V) be the full subcategory
with object set Ob(NS(V)) = Ob(N(V)). In particular, there are equivalences
|N(V)| ≃ |NL(V)| and |NS(V)| ≃ |NSL(V)|.
The proof is divided into several steps.
Step 1. There are faithful functors
N(V) NS(V)
ιr //
ιloo NL(S0)
P P✤oo ✤ // PT
The functor ιl is the inclusion of categories. The functor ιr needs some explanation: we
have to show that every morphism in NS(V) extends to a unique morphism in NL(S0).
Notice that NS0(V) is N
S
F
(V)-normal, and thus Lemma 4.4 applies to all morphisms in
NS
F
(V). Since NS(V) is a subcategory of L by definition, this means that every morphism
in NS(V) extends to some morphism in NL(S0). Furthermore, such extension must be
unique by [BLO07, Lemma 4.3].
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Step 2. There is a commutative diagram
N(V)
τV

NS(V)
ιloo ιr //
τI

NL(S0)
τ0

L L L
The functor τ0 : NL(S0)→ L = NL(S0)/S0 is the obvious projection functor, so it needs no
explanation. The functor τI : NS(V)→ L is defined simply by τI = τ0 ◦ ιr, so the rightmost
square in the diagram above is clearly commutative. In particular, since V ≤ P for all
P ∈ Ob(NS(V)), we have
• τI(P) = P/(P ∩ S0) = P · T/S0; and
• τI(AutNS(V)(P)) = AutNS(V)(P)/(NS0(V)) = AutNL(S0)(P · T)/S0.
Define now the functor τV : N(V) → L by the following rule. On objects, τV(P) = τI(P)
for all P ∈ Ob(N(V)). To define τV on morphisms, recall that for each P ∈ Ob(N(V)) there
is an isomorphism AutN(V)(P)  AutL0(V) × AutL(P/V) by Lemma 4.9 (i). Thus, for each
P,Q ∈ Ob(N(V)) and each γ ∈MorN(V)(P,Q) there is some ψ ∈ AutL0(V) ≤ AutN(V)(Q) such
that ψ ◦ γ ∈ ιl(MorNS(V)(P,Q)), and we define τV(γ) = τI(ψ ◦ γ). Clearly, if ψ′ ∈ AutL0(V) is
another element such that ψ′ ◦γ ∈ ιl(MorNS(V)(P,Q)), then τI(ψ ◦γ) = τI(ψ′ ◦γ), so τV is well
defined. Commutativity of the leftmost square follows by construction.
Step 3. The diagram (diagram1).
We have to prove that the functors τ0, τI and τV induce the vertical fibrations in the
commutative diagram
BAutL0(V)

BNS0(V) //oo

BAutL0(S0)

|NL(V)|
|τV |

|NS
L
(V)| //oo
|τI |

|NL(S0)|
|τ0|

|L| |L| |L|
First of all, notice that for all P ∈ Ob(L) there exists some P ∈ N(V) such that P/V = P, by
Lemma 4.6. Now, the fibrations |τ0| and |τI| exist by Corollary A.8 (i), and the map |τV| is
a fibration with fibre BAutL0(V) by [Qui73, Theorem B] and its Corollary.
Now the statement follows by Puppe’s Theorem [Pup74]: the (horizontal) homotopy
colimit of diagram (4) produces a fibration F∗ → Y → |L| such that (F∗)∧2 ≃ (BSO(3))
∧
2 by
[DMW87, Corollary 4.2]. The fibrewise 2-completion of the above fibration is the fibration
claimed to exist in the statement. 
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Remark 4.11. The above result implies in particular that, if G = (S,F ,L) is a 2-local
compact group of rank 1 whose irreducible component is induced by SO(3), then BG ≃
(BSO(3))∧2 × |L|.
Proposition 4.12. Suppose that g0 is induced by SU(2). Then there is a fibration F→ X → |L|,
where X∧2 ≃ BG and F ≃ BG0.
We could use the homology decomposition of BG0 described in [DMW87, Theorem 4.1]
and similar arguments as above to create a diagram similar to (4) in this case. Instead we
propose an easier, shorter proof in this case.
Proof. Since S0 ≤ S is strongly F -closed and 〈t1〉 ≤ S0 is F0-central, it follows that 〈t1〉 is
F -central, and there is (homotopy) fibration
BZ/2 −−−−−→ BG −−−−−→ BG′,
where G′ = (S′,F ′,L′) is a 2-local compact group with irreducible component G′0 =
(S′0,F
′
0 ,L
′
0) induced by SO(3). Consider the fibration
F′ −−−−−→ X′ −−−−−→ |L′|
in Proposition 4.10. In particular, (X′)∧2 ≃ BG
′, F′ ≃ BG′0, and an easy computation shows
that L′  L (recall that L = NL(S0)/S0 while L′ = NL′(S′0)/S
′
0).
By pull-backing the fibration BG → BG′ through the 2-completion map X′ → BG′ we
obtain a commutative diagram of fibrations
BZ/2 // BG // BG′
BZ/2 // X∗
OO
// X′
OO
Furthermore, the diagram induces an isomorphism of between the corresponding Serre
spectral sequences with mod 2 (both fibrations are principal), and thus (X∗)∧2 ≃ BG.
The pull-back of F′ −−−→ X′ ←−−− X∗ induces a homotopy commutative diagram
BZ/2

BZ/2

F∗ //

X∗ //

|L′|
F′ // X′ // |L′|
Since |L′|  |L|, the sequence F∗ −−−→ X∗ −−−→ |L| is a homotopy fibration, and its fibrewise
2-completion gives the fibration in the statement. 
In view of our results in this section, it makes sense to establish the following definition.
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Definition 4.13. Let G = (S,F ,L) be a p-local compact group of rank 1, and let G0 =
(S0,F0,L0) be its irreducible component. Then, the quotient G = G/S0 is the transporter
system of components of G.
5. An simple 3-local compact group of rank 2
In this section we present an example of an exotic simple 3-local compact group of rank
2. Here by exotic we mean a 3-local compact group that is not induced by any compact
Lie group or 3-compact group.
This example has been discussed, although never formally published, by many people
before. Among them, A. Díaz, A. Ruiz and A. Viruel who first pointed out this example
after their work in [DRV07], and C. Broto, R. Levi and B. Oliver, who already started
working on this example in [BLO]. The author is specially grateful to A. Ruiz for letting
him include this example in this paper, since it is part of a joint work which is still under
development.
Let S be the discrete 3-toral group with presentation
S = 〈x, {uk, vk}k∈N | ∀ k : x3 = u3
k
k = v
3k
k = 1, u
3
k+1 = uk, v
3
k+1 = vk,
[uk, x] = vk, [vk, x] = (uk · vk)−3, [uk, vk] = 1〉,
where [a, b] = a−1 · b−1 · a · b. An easy calculation shows that its center is Z(S) = 〈v1〉  Z/3.
Set also T = 〈{uk, vk}k∈N 〉  (Z/3∞)×2 and V = 〈v1, x〉  Z/3 × Z/3. In particular, notice that
there is an split extension T −−−→ S −−−→ Z/3.
Lemma 5.1. The automorphism group of T contains a subgroup Γ which is isomorphic to GL2(3)
and which is unique up to conjugation.
Proof. LetΨa,Ψb andΨc ∈ Aut(T) be the automorphisms defined for all k by
Ψa :
{
uk −−−→ uk
vk −−−→ v
−1
k
Ψb :
{
uk −−−→ vk
vk −−−→ uk
Ψc :
{
uk −−−→ uk · v
−1
k
vk −−−→ uk · vk
Together withΨx = cx they generate a subgroup Γ ≤ Aut(T) which is isomorphic toGL2(3).
Suppose now that Γ′ ≤ Aut(T) is another subgroup which is isomorphic to GL2(3), and
let Tk = 〈uk, vk〉 ≤ T for all k. Since Tk ≤ T is a characteristic subgroup for all k, we have
Aut(T)  lim
←−
Aut(Tk).
Also, Γ and Γ′ restrict to subgroups Γk and Γ′k ≤ Aut(Tk) for all k. By [DRV07, LemmaA.17]
Γ′
k
is conjugate in Aut(Tk) to Γk, for all k, and thus Γ′ is conjugate to Γ in Aut(T). 
Let Γ ≤ Aut(T) be the subgroup described above, and let H = T ⋊ Γ, with S ∈ Syl3(H).
Define also F as the fusion system over S generated by FS(G) and Aut(V) = GL2(3).
Clearly, by definition we have
AutF (V) = Aut(V)  GL2(3) and AutF (T) = Γ.
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Lemma 5.2. The fusion system F has a single conjugacy class of elements of order 3.
Proof. Since AutF (T)  GL2(3), all the elements of order 3 in T (including v−11 ) are F -
conjugate to the element v1 ∈ Z(S). Also, the elements x and x−1 are F -conjugate to v1
since AutF (V)  GL2(3).
To finish the proof, we show that every element in S of the form τ · x, with τ ∈ T, is
S-conjugate to x (the same computations apply to show that elements of the form τ · x−1
are conjugate to x−1). Let then τ ∈ T be any element. Since T is infinitely 3-divisible, there
exist natural numbers i, j and k such that τ = u3i
k
· v
3 j
k
, and then it is easy to check that the
element t = u−3 j
k
· v
i−3 j
k
∈ T conjugates τ · x to x. 
Lemma 5.3. The centralizer of Z(S) in F is CF (Z(S))  FS(T ⋊ Σ3).
Proof. Bydefinition, themorphisms inCF (Z(S)) are those that leaveZ(S) invariant element-
wise. In particular, it is easy to see that
AutCF (Z(S))(V)  Σ3 AutCF (Z(S))(T)  Σ3 OutCF (Z(S))(S)  Z/2,
and that all morphisms in CF (Z(S)) are restrictions of automorphisms of S. The statement
follows easily. 
Proposition 5.4. The fusion system F is saturated over S and has a unique associated linking
system.
Proof. Weprove saturation ofF bymeans of Proposition 1.5. Let then X = {v1}. By Lemma
5.2, every element of order 3 in S is F -conjugate to v1, and X satisfies condition (i) in 1.5.
Next we have to show that if g ∈ S is of order 3 then there is some morphism ρ ∈
HomF (CS(g),CS(v1)) such that ρ(g) = v1. We distinguish the following situations.
(a) If g = v−11 , then there is an automorphism of S that sends v
−1
1 to v1.
(b) If g ∈ T, g , v−11 , then CS(g) = T, and there is an automorphism of T than sends g to v1.
(c) If g = τ · x for some τ ∈ T, then g is S-conjugate to x by Lemma 5.2. Thus it is enough
to check property (ii) for g = x. In this case, CS(x) = V, and there is an automorphism
of V that sends x to v1.
Finally, we have to check that CF (v1) is a saturated fusion system. This follows imme-
diately from Lemma 5.3. Clearly, F satisfies axiom (III) of saturated fusion systems, and
hence it is saturated. The existence and uniqueness of a centric linking system follows
from [LL]. Alternatively, it follows from [BLO03, Corollary 3.5] (which applies verbatim to
p-local compact groups), since the F3-rank of S (the rank of a maximal elementary abelian
subgroup of S) is 2. 
Let then G = (S,F ,L) be the resulting 3-local compact group. Below we show that G
is both simple and exotic, in the sense that it is not induced by any compact Lie group or
3-compact group.
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Theorem 5.5. The 3-local compact group G is exotic and simple.
Proof. The proof is divided into two main parts.
Part 1. G is exotic.
Suppose first that G is the 3-local compact group induced by some compact Lie group
G, F = FS(G). Since AutF (T) is not an integral reflection group, it follows thatG cannot be
irreducible. Let then G0 ⊳ G be the irreducible component of G that contains the identity
element, with Sylow S0 ⊳ S and Weyl groupW0 = AutG0(T) ⊳W.
IfW0 has order prime to 3 then S0 = T, which means that G0 is the maximal torus of G,
and this is not possible. ThusW0 has nontrivial Sylow 3-subgroups, and since
|GL2(3)| = 24 · 3,
this means that W0 contains a Sylow 3-subgroup of W, and hence contains them all by
normality. It follows that SL2(3) ≤ W0 ≤ GL2(3), andW0 is not an integral reflection group,
a contradiction.
Suppose now that G is the 3-local compact group induced by a 3-compact group.
Again we proceed by contradiction, so assume that F = FS(X) for some 3-compact group
(X,BX, e). By the classification of p-compact groups, [AGMV08], it follows that X cannot
be irreducible. Let then (X0,BX0, e0) be its irreducible component.
Since S  T ⋊ Z/3 and X is not irreducible, we have pi1(BX) = Z/3, and we claim that
there is a fibration
BX0 −−−−−→ BX −−−−−→ BZ/3.
Indeed, the Sylow 3-subgroup S0 of X0 must contain T, so T ≤ S0 ≤ S. If S0 = S, then
X0 = X, which is impossible. Thus S0 = T and the fibration above follows. However, this
implies an exact sequence of Weyl groups
{1} →W0 −−−−−→W  GL2(3) −−−−−→ Z/3→ {1},
and no such extension exists.
Part 2. G is simple.
We show something stronger: the fusion system F does not contain any proper normal
subsystem. Suppose otherwise, and let F0 ⊳ F be a proper normal subsystem over some
S0 ≤ S.
Clearly, S does not contain any proper strongly F -closed subgroup, and thus S0 = S.
Then, we must have
AutF0(V) = AutF (V)  GL2(3) and AutF0(T) = AutF (T),
since otherwise condition (N2) of normal subsystems does not hold. Finally, AutF (S)
is generated by inner automorphisms an extensions of automorphisms of T. Thus,
AutF0(S) = AutF (S), andF0 = F (see [DRV07, Lemmas 5.6 and 5.7], which apply verbatim
in this case). 
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6. Irreducibility for p-local compact groups
In this section we want to address a short discussion on several features of the notion
of irreducibility introduced in Definition 2.1. In this sense, the first aspect that we want
to consider is the relationship between connectivity for compact Lie groups and p-local
compact groups, and irreducibility for p-local compact groups.
As Theorem A has already evidenced, not every connected compact Lie group (re-
spectively connected p-compact group) induces an irreducible p-local compact group.
Needless to say that it is very important to check which connected compact Lie groups
and connected p-compact groups give rise to connected p-local compact groups. This
study has not been included in this paper due to its length, but we can sketch here our
approach.
Let then G be a connected compact Lie group, and let G = (S,F ,L) be the p-local
compact group induced byG. IfG is not irreducible it means that there exists some proper
normal subsystem F0 ⊳F , over some S0 ⊳S, and in particular S0 is strongly F -closed. We
can apply here a result of Notbohm, [Not94, Proposition 4.3], to get a first restriction on
the possible subgroups S0 (and there will be not that many of them). The analysis of the
classical Lie groups, namely the four families U(n), SU(n), SO(n) and Sp(n), will follow
then from the results in [Oli94]. This will leave us with a series of exceptional cases to
deal with, in a case-by-case argument.
Another point of interest is the existence and uniqueness of irreducible components and
transporter systems of components for p-local compact groups (see Definitions 2.15 and 4.13).
Before we state our conjecture in this direction, let us formalize our ideas.
Let G = (S,F ,L) be a p-local compact group. In view of Definition 2.1, the irreducible
component ofG should be defined by something in the lines of the minimal irreducible p-local
compact group G0 = (S0,F0,L0) such that F0 is subnormal in F . Now, why should such a
p-local compact group exist since Aschbacher already showed in [Asc08, Example 6.4]
that the intersection of normal subsystems need not be a normal subsystem? That is, how
could we even expect to find a minimal normal subsystem of F whose Sylow p-subgroup
contains the maximal torus?
In recent, yet unpublished, work [Che13b, Theorem F], Chermak shows that the col-
lection of normal subsystems of a given, finite, saturated fusion system is in one-to-one
correspondence with the collection of normal partial subgroups of the associated locality.
The advantage with localities and partial groups is that the intersection of normal partial
subgroups is again a normal partial subgroup. In particular, if F is a saturated fusion
system over a finite p-group S, and A ≤ S is an (strongly F -closed) subgroup, then there
is a minimal normal fusion subsystem F0 ⊳ F whose Sylow S0 contains A (although A will
probably be a proper subgroup of S0).
In view of this it makes sense to work on a generalization of the results of Chermak to
localities associated to p-local compact groups. But there is yet another point of interest
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in generalizing these results. Indeed, the results in [Che13b] also include the construction
of a quotient of a locality by a normal partial subgroup, and this construction would then
provide a solid notion of transporter system of components. We plan to develop this idea in
a subsequent paper. Notice that this means quite a lot of work, since many of the results
in [Che13a] have to be generalized as well.
Conjecture 6.1. Every p-local compact group determines a unique irreducible component and a
unique transporter system of components.
There is still another feature of high interest to discuss regarding irreducibility. Indeed,
it is not clear from our definition that, for a fixed r ≥ 0, the number of irreducible p-local
compact groups of rank r is finite, although it is our belief that this is the case.
Conjecture 6.2. Let r ≥ 0 be a fixed natural number. Then there are finitely many irreducible
p-local compact groups of rank r.
Let G = (S,F ,L) be an irreducible p-local compact group with maxima torus T. A key
point to prove the above conjecture is to study the action of S/T on T. More specifically,
is the action of S/T on T faithful under these hypothesis? A positive answer would most
likely imply the above conjecture, as well as other interesting results.
Appendix A. Extensions of transporter systems with discrete p-toral group kernel
In [OV07], the authors study a particular construction to create new transporter systems
(and linking systems). From the moment this classification program started it was clear
that their construction had to be extended to a more general setting, including (at least)
extensions of (finite) transporter systems by discrete p-toral groups.
Thuswe proceed to provide the consistent theory of extensions thatwe need in previous
sections of this paper. Some of the results in this section have been already proved in
[BLO12, Appendix §A], or the proof of the corresponding statement in [OV07] applies
without restriction here. For the sake of simplicity we will just state the result and refer
the reader to appropriate source when this is the case.
A.1. Quotients of transporter systems by discrete p-toral groups. In this section we
describe the quotient of a transporter system by a normal discrete p-toral subgroup. For
a subgroup A ≤ S we denote by HA the collection of subgroups of S that contain A,
HA = {P ≤ S |A ≤ P}.
Definition A.1. Let (S,F ,T ) be a transporter system over a discrete p-toral group. The
quotient of (S,F ,T ) by an F -normal subgroup A ≤ S is the triple (S/A,F /A,T /A), where
• F /A is the fusion system over S/Awith morphism sets
HomF /A(P/A,Q/A) = { f ∈ Hom(P/A,Q/A) | ∃P,Q ∈ HA and f ∈ HomF (P,Q)
such that f = ind( f )}.
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• L/A is the category with object set {P/A |P ∈ HA ∩Ob(T )} and morphism sets
MorT /A(P/A,Q/A) =MorT (P,Q)/εP(A).
Finally, set T≥A, c ⊆ T and (T /A)c ⊆ T /A be the full subcategories whose objects are the
subgroups P ≤ S and P/A ≤ S/A, respectively, such that P/A if (F /A)-centric.
Notice that we do not assume saturation of F in the above definition.
Proposition A.2. Let (S,F ,T ) be a transporter system over the discrete p-toral group S, and let
A ≤ S be an F -normal subgroup. Then, the quotient (S/A,F /A,T /A) is a transporter system.
Proof. The functor ε : TOb(T /A)(S/A)→ T /A is defined by
(ε)P/A,Q/A(gA) = [εP,Q(g)] ∈MorT (P,Q)/A,
while the functor ρ : T /A→ F /A is induced by ρ.
Since Sylp(A) = {A}, axioms (A1) and (B) hold for T /A because they already hold for
T , and axioms (A2), (C), (I) and (II) hold using the same arguments in the proof for
Proposition 3.10 in [OV07].
Thus, we just have to show that axiom (III) also holds for T /A. Suppose that we are
given an ascending chain of subgroups in S/A, P1/A ≤ P2/A ≤ . . .. Set then P/A = ∪Pn/A,
and for each n let ϕn ∈MorT /A(Pn/A, S/A) be such that
ϕn = ϕn+1 ◦ εPn/A,Pn+1/A(1).
We want to see that there exists ϕ ∈ MorT /A(P/A, S/A) such that for each n ϕn is the
corresponding restriction of ϕ.
The idea is to choose liftings in T of the morphisms ϕn, so that we can apply axiom
(III) in T . Start by lifting ϕ1 to some ϕ1 ∈MorT (P1, S), and now suppose we have already
chosen liftings ϕ1, . . . , ϕn such that, for each i = 1, . . . , n − 1,
ϕi = ϕi+1 ◦ εPi,Pi+1(1),
and choose a lifting ϕ′
n+1 ∈ MorT (Pn+1, S) of ϕn+1. This lifting may not satisfy that ϕn =
ϕ′
n+1 ◦ εPn,Pn+1(1), but by definition of T /A there exists some a ∈ A such that
ϕn = ϕ
′
n+1 ◦ εPn,Pn+1(1) ◦ εPn(a) = (ϕ
′
n+1 ◦ εPn+1(a)) ◦ ϕPn,Pn+1(1),
where the second equality holds by axiom (C) for transporter systems applied onT . Thus,
ϕn+1 = ϕ
′
n+1 ◦ εPn+1(a) satisfies de desired condition. Inductively, we obtain liftings for all
ϕn such that each lifting is the restriction of the next one.
Now, we can apply axiom (III) for transporter systems on T for the family {ϕn}: there
exists some ϕ ∈MorT (P, S) such that ϕn = ϕ ◦ εPn,P(1) for all n, and the induced morphism
ϕ ∈MorT /A(P/A, S/A) is the morphism we were looking for. 
Consider now the following, particular situation. Let G = (S,F ,L) be a p-local com-
pact group, and let A ≤ S be an F -normal subgroup. The above result states that the
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quotient G/A = (S/A,F /A,L/A) is a transporter system, since G is a transporter system
in particular. However, in this case we can say more.
Proposition A.3. Let G = (S,F ,L) be a p-local compact group, and let A ≤ S be an F -normal
subgroup. Then, F /A is a saturated fusion system over S/A.
Proof. We use the alternative set of axioms introduced in Lemma 1.4. Note that axiom (III)
for F /A follows immediately from axiom (III) for F . Hence, we only have to show that
F /A satisfies (I’) and (II’).
To show that (I’) holds it is enough to check that {1} ∈ Sylp(OutF /A(S/A)), and this follows
immediately because there by definition an epimorphism OutF (S) // // OutF /A(S/A) ,
and {1} ∈ Sylp(OutF (S)).
Suppose now that f ∈ HomF /A(P/A, S/A) is such that f (P/A) is fully F /A-normalized.
We have to show that f extends to some γ ∈ HomF /A(N f , S/A), where
N
f
= {gA ∈ NS/A(P/A) | f ◦ cgA ◦ ( f )−1 ∈ AutS/A( f (P/A))}.
Notice that Q/A ≤ S/A is fully F /A-normalized if and only if Q ≤ S is fully F -
normalized. Choose then some representative f ∈ HomF (P, S) of f . Then, f (P) is fully
F -normalized, and axiom (II’) applies: f extends to some γ ∈ HomF (N f , S). And easy
calculation shows that N f ≤ N f/A, and the claim follows. 
A.2. Extensions of transporter systems by discrete p-toral groups. The quotients de-
scribed in the previous section have their counterpart in the following extension theory
for transporter system.
Definition A.4. Let (S,F ,T ) be a transporter system over the discrete p-toral group S. An
extension ofT by a discrete p-toral group is a category T˜ , togetherwith a functor τ : T˜ → T
which is the identity on objects, and such that the following holds for all P̂, Q̂ ∈ Ob(T˜ ):
(i) KP̂
de f
= Ker[Aut
T˜
(P̂) −−−→ AutT (P)] is a discrete p-toral group;
(ii) KP̂ acts freely on MorT˜ (P̂, Q̂) by right composition and τ is the orbit map of this
action; and
(iii) K
Q̂
acts freely onMor
T˜
(P̂, Q̂) by left composition and τ is the orbit map of this action.
We adopt the notation P̂, Q̂, . . . for the objects in T˜ to distinguish them from the objects
in T , even if the functor τ is the identity on objects. This way, it is clear that τ(P̂) = P,
τ(Q̂) = Q, . . .
By definition, the functor τ is source and target regular in the sense of [OV07, Definition
A.5], and in particular there is some discrete p-toral group A such that
K
P̂
= A
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for all P̂ ∈ Ob(T˜ ) by [OV07, Lemma A.7]. Thus, we can describe T˜ as an extension of T
by the discrete p-toral group A  K
Ŝ
. We will use the following notation
A −−−−−→ T˜
τ
−−−−−→ T
for such an extension.
Fix then some extension A −−−→ T˜
τ
−−−→ T , and let S˜ be the pull-back
S˜
ε˜
S˜ //
q

Aut
T˜
(Ŝ)
τ
Ŝ

S
εS
// AutT (S)
Set also A = Ker(q), and P˜ = q−1(P) for each P ∈ T . Hence, for each P ∈ Ob(T ) there is a
group extension
A −−−−−→ P˜
q|P
−−−−−→ P,
and we can identify the set Ob(T˜ ) with the set {P˜ |P ∈ Ob(T )}. Note that S˜ is a discrete
p-toral group since both S and A are so.
Clearly, the goal is to show that T˜ has the structure of a transporter system. We start
by defining functors
TOb(T˜ )(S˜)
ε˜
−−−−−→ T˜
ρ˜
−−−−−→ Gps.
First of all, choose for each P˜ a lifting ι˜P˜ ∈ MorT˜ (P˜, S˜) of the morphism εP,S(1) = ιP ∈
MorT (P, S). The choices are made randomly, except that we require ι˜S˜ = IdS˜. The functors
ε˜ and ρ˜ are defined by the following properties.
(a) For each P˜, Q˜ ∈ Ob(T˜ ) and each x˜ ∈ NS˜(P˜, Q˜) there is a unique morphism ε˜P˜,Q˜(˜x) in T˜
that makes the following diagram commute
P˜
ι˜
P˜ //
ε˜
P˜,Q˜
(x˜)

S˜
ε˜
S˜
(x˜)

Q˜
ι˜
Q˜
// S˜
(b) For each P˜, Q˜ ∈ Ob(T˜ ) and each ϕ˜ ∈ Mor
T˜
(P˜, Q˜) there is a unique group homomor-
phism f˜ ∈ Hom(P˜, Q˜) such that the following diagram commutes for all x ∈ P˜
P˜
ϕ˜
//
ε˜
P˜,P˜
(x˜)

Q˜
ε˜
Q˜,Q˜
( f˜ (x))

Q˜
ϕ˜
// Q˜
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Property (a) corresponds to [OV07, Lemma 5.3] while property (b) corresponds to [OV07,
Lemma 5.5]. We omit the corresponding proofs since those in [OV07] apply without
restriction in this case. The functors ε˜ and ρ˜ are the defined accordingly. Define also F˜ as
the fusion system over S˜ generated by the image of ρ˜.
Proposition A.5. Let T˜ be an extension of the transporter system (S,F ,T ) by the discrete p-toral
group A. Then, (S˜, F˜ , T˜ ) is a transporter system. Furthermore, A is F˜ -normal, and
(S,F ,T )  (S˜/A, F˜ /A, T˜ /A).
Proof. The proof of [OV07, Proposition 5.6] applies verbatim in this case, and we are left
to prove that (S˜, F˜ , T˜ ) satisfies axiom (III) of transporter systems.
Let then P˜1 ≤ P˜2 ≤ . . . be an increasing sequence of subgroups inOb(T˜ ), with P˜ =
⋃
n P˜.
Suppose also that for all n there exists ϕ˜n ∈MorT˜ (P˜n, S˜) such that
ϕ˜n = ϕ˜n+1 ◦ ε˜P˜n,P˜n+1(1).
We have to prove then that there exists ϕ˜ ∈Mor
T˜
(P˜, S˜) such that
ϕ˜n = ϕ˜ ◦ ε˜P˜n,P˜(1).
By projecting all the P˜n and the ϕ˜n to T through the functor ρ˜, we get a family of
subgroups {Pn} and morphisms {ϕn} like the above, and we can apply axiom (III) on T to
see that there exists ϕ ∈MorT (P, S) such that ϕn = ϕ ◦ εPn,P(1) for all n.
Let ϕ˜′ ∈ Mor
T˜
(P˜, S˜) be a lifting in T˜ of ϕ. By construction, the projections of ϕ˜1 and of
ϕ˜′ ◦ ε˜P˜1,P˜(1) on T are equal, and hence as morphisms in T˜ they differ by a morphism in
A = Ker(q). This means that there exists some a ∈ A such that
ϕ˜
de f
= ϕ˜′ ◦ ε˜(a)
restricts to ϕ˜1 and is still a lifting of ϕ.
Applying the equalities ϕ˜1 = ϕ˜2 ◦ ε˜P˜1,P˜2(1) and ε˜P˜1,P˜(1) = ε˜P˜2,P˜(1) ◦ ε˜P˜1,P˜2(1), we obtain new
equalities
ϕ˜ ◦ ε˜P˜2,P˜(1) ◦ ε˜P˜1,P˜2(1) = ϕ˜1 = ϕ˜2 ◦ ε˜P˜1,P˜2(1).
Since the natural projection functor ρ˜ : T˜ → T is, in particular, target regular by definition,
it follows by [OV07, LemmaA.8] thatmorphisms in T˜ are epimorphisms in the categorical
sense, and hence, from the above equalities we deduce that the restriction of ϕ˜ to P˜2 is ϕ˜2
as desired. Repeating this process we see that axiom (III) holds in T˜ . 
Let then (S˜, F˜ , T˜ ) be an extension of a transporter system (S,F ,T ) by a discrete p-toral
group A. We now address the question of whether T˜ contains all the F˜ -centric F˜ -radical
subgroups (which in particular would imply that F˜ is saturated).
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The following is proved in [OV07, Lemma 5.7]. Given the extension (S˜, F˜ , T˜ ), the map
defined by
Mor(T ) Φ // Out(A)
ϕ ✤ // [ρ˜(ϕ˜)|A]
for some ϕ˜ such that τ(ϕ˜) = ϕ, is well defined, and satisfies
(a) Φ(ϕ) ·Φ(ψ) = Φ(ϕ ◦ ψ), for each pair of composable morphisms ϕ,ψ ∈Mor(T ); and
(b) for eany lifting ϕ˜ ∈Mor(T˜ ) of ϕ and all a ∈ A, the following diagram commutes
P˜
ϕ˜
//
ε˜
P˜,P˜
(˜a)

Q˜
ε˜
Q˜,Q˜
(ρ˜(ϕ˜)(a))

Q˜
ϕ˜
// Q˜
The map Φ induces then a morphism Φ : pi1(|T |)→ Out(A).
Definition A.6. Let (S,F ,T ) be a transporter system over a discrete p-toral group S.
(i) A morphism Φ : pi1(|T |) → Γ is admissible if, upon setting S1 = Ker(Φ ◦ εS,S), P ≤ S
fully F -centralized and CS1(P) ≤ P imply P ∈ Ob(T ).
(ii) An action Φ : pi1(|T |) → Out(A) of T on a discrete p-toral group A is admissible if the
homomorphism Φ is admissible.
(iii) An extension A −−−→ T˜ −−−→ T is admissible if the action of T on A defined above is
admissible.
Theorem A.7. Let A −−−→ T˜ −−−→ T be an admissible extension of the transporter system
(S,F ,T ) by the discrete p-toral group A. Then F˜ is a saturated fusion system.
Proof. The proof of [OV07, Theorem 5.11 (b)] applies here without modification. 
Corollary A.8. Let T be a transporter system, and let A be a discrete p-toral group. Then, the
following holds.
(i) If A −−−→ T˜
τ
−−−→ T is an extension, then the realization of τ is a fibration
BA −−−−−→ |T˜ |
|τ|
−−−−−→ |T |.
(ii) Every fibration BA −−−→ X −−−→ |T | is, up to equivalence, the realization of an extension
A −−−−−→ T˜ −−−−−→ T .
Proof. Property (i) follows from [OV07, Proposition A.10], and property (ii) from [OV07,
Proposition 5.8]. 
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Appendix B. The Hyperfocal Subgroup Theorem
In this section we prove the well-known Hyperfocal Subgroup Theorem for p-local
compact groups. We then use this result to show that a nontrivial fundamental group
implies the existence of a proper normal subsystem. This section is simply a generalization
of some parts of [BCG+07], and no attempt is done to cover all their results.
Let us fix some notation for the whole section. Given a group G, we will denote by
Op(G) ≤ G the subgroup generated by all the infinitely p-divisible elements. Also, BG
will denote the category with a single object ◦G (or simply ◦ if G is understood) with
automorphism group G.
Definition B.1. Let F be a saturated fusion system over a discrete p-toral group S, with
maximal torus T. The hyperfocal subgroup of F is the following subgroup of S
O
p
F
(S)
de f
= 〈T, {g−1 · α(g) | g ∈ P ≤ S, α ∈ Op(AutF (P))}〉.
LetG be an artinian locally finite group such that has Sylow p-subgroups, fix S ∈ Sylp(G),
and define
O
p
G
(S)
de f
= O
p
FS(G)
(S) = 〈{g−1α(g)|g ∈ P ≤ S, α ∈ Op(AutG(P))},T〉
= 〈{[g, x]|g ∈ P ≤ S, x ∈ NG(P) of p′ order},T〉.
Lemma B.2. Let G be an artinian locally finite group such that has Sylow p-subgroups, and let
S ∈ Sylp(G). Then,
O
p
G
(S) = S ∩Op(G).
Proof. Let Op(G) be the subgroup of G generated by all elements of order prime to p in G,
which is a subgroup of Op(G). We prove the following result:
O
p
G
(S)
de f
= 〈{g−1α(g)|g ∈ P ≤ S, α ∈ Op(AutG(P))}〉 = S ∩O
p(G),
which is equivalent to the statement in the lemma.
The inclusion Op
G
(S) ≤ S ∩ Op(G) holds by the same arguments as in [BCG+07, Lemma
2.2], and we want to see the converse inclusion. Let {Gi} be a family of finite subgroups of
G such that G = ∪Gi, and set Si = S ∩ Gi. It follows then that S = ∪Si. We can choose the
subgroups Gi such that Si ∈ Sylp(Gi) for all i.
We first check that Op
G
(S) = ∪Op
Gi
(Si). This is in fact clear since, for each g−1α(g) ∈ O
p
G
(S),
we can find M1 such that, for all i ≥ M1, g ∈ Si and α is conjugation by an element in Gi,
and hence g−1α(g) ∈ Op
Gi
(Si).
Next we show that S ∩Op(G) = ∪(Si ∩O
p(Gi)). Note that, since S = ∪Si, we have
S ∩Op(G) = ∪(Si ∩O
p(G)).
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Since, for each i, Op(Gi) is generated by all elements in Gi of order prime to p, it follows
that for all i we have inclusions
Si ∩O
p(Gi) ≤ Si ∩Op(G),
Si ∩O
p(Gi) ≤ Si+1 ∩O
p(Gi+1).
Let y ∈ Si ∩O
p(G), in particular, y ∈ Op(G), and hence y ∈ Op(G j) for all j ≥ i big enough.
Since Si ≤ S j for j ≥ i, it follows that, for each i, there exists some j such that
Si ∩O
p(Gi) ≤ Si ∩O
p(G) ≤ S j ∩O
p(G j).
Hence, S ∩ Op(G) = ∪(Si ∩ O
p(Gi)), and by the hyperfocal subgroup theorem in the finite
case, [BCG+07, Lemma 2.2], Op
G
(S) = ∪Op(Gi) = ∪(Si ∩Op(Gi)) = S ∩Op(G). 
Let now G = (S,F ,L) be a p-local compact group, with maximal torus T, and let
{ιP,Q} ⊆ Mor(L) be the set of inclusions εP,Q(1) ∈ MorL(P,Q), for all P ≤ Q in Ob(L). For
simplicity, we set ιP = ιP,P for all P ∈ Ob(L). Let also
J : LL −−−−−→ Bpi1(|L|)
be the functor that sends amorphismϕ : P→ Q to the homotopy class of the loop ιQ ◦ϕ◦ι−1P .
Lemma B.3. Let Γ be a discrete group and let λ : L −−−→ BΓ be a functor that sends the set {ιP,Q}
to the identity automorphism. Then there exists a unique homomorphism ρ : pi1(|L|) −−−→ Γ such
that λ = Bρ ◦ J.
Proof. By geometric realization, every functor λ : L → BΓ induces a homomorphism
ρ : pi1(|L|) → Γ. If in addition γ sends inclusions to identity, then the equality λ = Bρ ◦ J
follows. 
LemmaB.4. There is a unique functorλ : L −−−→ B(S/Op
F
(S)) satisfying the following properties:
(i) λ sends the set {ιP,Q} to the identity automorphism; and
(ii) λ(εS(g)) = gO
p
F
(S) for all g ∈ S.
Proof. This is essentially [BCG+07, Proposition 2.4], withminor modifications. Essentially,
let L• ⊆ L be the retract of L defined in [BLO07, Sections §3 and 4], and let r : L → L•
be the retraction defined there. The key point is that L• contains finitely many conjugacy
classes of objects. Now, [BCG+07, Lemma 2.3] can be adapted to work on the L• (it is
irrelevant here that F • is not closed by overgroups), and this way one can construct a
functor λ0 : L• → B(S/O
p
F
(S)), just following [BCG+07, Proposition 2.4]. The functor λ is
just defined as the composition λ0 ◦ r. 
Theorem B.5. Let G = (S,F ,L) be a p-local compact group. Then, pi1(BG)  S/O
p
F
(S). More
precisely, the natural map τ : S→ pi1(BG) is surjective with kernel O
p
F
(S).
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Proof. Let λ : L → B(S/Op
F
(S)) be the functor from Lemma B.4, and let |λ| be the induced
mapbetweengeometric realizations. SinceOp
F
(S) is a finite p-group, the space |B(S/Op
F
(S))|
is p-complete, and |λ| factors through BG. There is then a commutative diagram
S
j
//
τ
''◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
pi1(|L|)
pi1(|λ|)
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗

pi1(BG)
pi1(|λ|∧p )
// S/O
p
F
(S)
Themorphism τ is surjective by [BLO07, Proposition 4.4], and the compositionpi1(|λ|∧p )◦τ =
pi1(|λ|) ◦ j is the natural projection. Hence Ker(τ) ≤ O
p
F
(S). The rest of the proof is the same
as the proof of [BCG+07, Theorem 2.5], so we omit the details. 
Next we generalize the techniques of [BCG+07] to detect saturated fusion subsystems of
a given fusion system. In order to reduce the exposition, we only consider subsystems of
p-power index, leaving the p′ index case and its necessary generalizations to the interested
reader. In general, there are no big differences between the finite case, studied in [BCG+07],
and the compact case studied here. Thus, we will omit most of the details, which are left
to the reader, and only mention those steps that require some discussion.
Definition B.6. Let F be a saturated fusion system over a discrete p-toral group S, and let
F0 ⊆ F be a saturated subsystem over a discrete p-toral subgroup S0 ≤ S. We say that F0
is of p-power index in F if S0 ≥ O
p
F
(S) and AutF0(P) ≥ O
p(AutF (P)) for all P ≤ S0.
Wewill also use the following notation from [BCG+07]. Given a discrete p-toral group S,
a restrictive category over S is a categoryF ∗ such that Ob(F ∗) is the set of all subgroups of S,
morphisms inF ∗ are groupmonomorphisms, and satisfying the following two properties:
(i) for each P′ ≤ P ≤ S and Q′ ≤ Q ≤ S, and for each f ∈ HomF ∗(P,Q) such that
f (P′) ≤ f (Q′), the restriction f |P′ is a morphism in HomF ∗(P′,Q′); and
(ii) for each P ≤ S, AutF (P) is an Artinian locally finite group.
For a (discrete) group Γ, let Sub(Γ) denote the set of nonempty subsets of Γ. Let F be a
saturate fusion system over a discrete p-toral group S. A subgroup P ≤ S is F -quasicentric
if, for allQ ∈ PF , the centralizer fusion system CF (Q) is the fusion system of CS(Q). Given
a subset H ⊆ Ob(F ), we will denote by FH ⊆ F the full subcategory with object set H .
For simplicity, F q ⊆ F will denote the full subcategory with object set the family of all
F -quasicentric subgroups of S.
Definition B.7. Let F be a saturated fusion system over a discrete p-toral group S, and
letH ⊆ Ob(F ) be a subset of F -quasicentric subgroups which is closed by conjugation in
F . A fusion mapping triple for FH consists of a triple (Γ, θ,Θ), where Γ is a discrete group,
θ : S→ Γ is a homomorphism, and
Θ : Mor(FH ) −−−−−→ Sub(Γ)
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is a map satisfying the following properties for all subgroups P,Q,R ∈ H :
(i) for all P
f
−−−→ Q
f ′
−−−→ R in F and all x ∈ Θ( f ′), Θ( f ′ ◦ f ) = x ·Θ( f );
(ii) if P is fully F -centralized, then Θ(IdP) = θ(CS(P));
(iii) if f = cg ∈ HomS(P,Q), then θ(g) ∈ Θ( f );
(iv) for all f ∈ HomF (P,Q), all x ∈ Θ( f ) and all g ∈ P, x · θ(g) · x−1 = θ( f (g));
(v) Θ(IdP) is a subgroup of Γ, and Θ restricts to a homomorphism
ΘP : AutF (P) −−−−−→ NΓ(Θ(IdP))/Θ(IdP).
In particular ΘP( f ) = Θ( f ) (as a coset of Θ(IdP)) for all f ∈ AutF (P);
(vi) for all P
f
−−−→ Q
f ′
−−−→ R in FH and all x ∈ Θ( f ), Θ( f ′ ◦ f ) ⊆ Θ( f ′) · x, with equality if
f (P) = Q. In particular Θ( f ′|P) ⊇ Θ( f ′) if P ≤ Q;
(vii) if S ∈ H , then for all P
f
−−−→ Q in F , all γ ∈ AutF (S) and all x ∈ Θ(γ), Θ(γ ◦ f ◦ γ−1) =
x ·Θ( f ) · x−1.
The original definition of fusionmapping triple, [BCG+07, Definition 3.6], only included
properties (i) to (iv) above, while properties (v) to (vii) where proved in [BCG+07, Lemma
3.7]. Since this result holds as well in our situation, we have opted for a definition that
includes all properties at once.
LetF be a saturated fusion system over S, and let (Γ, θ,Θ) be a fusionmapping triple for
FH , for someH . For a subgroupH ≤ Γ, let F ∗H ⊆ F be the smallest restrictive subcategory
which contains all f ∈ Mor(F q) such that Θ( f ) ∩ H , ∅. Let also FH ⊆ F ∗H be the full
subcategory whose objects are the subgroups of θ−1(H).
Proposition B.8. Let F be a saturated fusion system over a discrete p-toral group S, and let
(Γ, θ,Θ) be a fusion mapping triple on F q, where Γ is a finite p-group. Then the following holds
for all H ≤ Γ.
(i) FH is a saturated fusion system over SH = θ
−1(H).
(ii) A subgroup P ≤ SH is FH-quasicentric if and only if it is F -quasicentric.
Proof. The proof is identical to the proof of [BCG+07, Proposition 3.8], except that we have
to check that FH satisfies axiom (III) of saturated fusion systems. Let then P1 ≤ P2 ≤ . . .
be an ascending family of subgroups of SH, and let P =
⋃
n Pn. Let also f ∈ Hom(P, S) be
such that f |Pn ∈ HomFH(Pn, S) for all n. We have to show that f ∈ HomFH(P, S).
Since F is saturated, it follows that f ∈ HomF (P, S). Using property (v) of fusion
mapping triples, we see that Θ( fn+1) ⊆ Θ( fn) for all n. Since Γ is finite by assumption, it
follows that there exists some numberM such that, for all n ≥M,
Θ( fn) ∩H = Θ( fn+1) ∩H , ∅.
It follows then that Θ( f ) ∩H , ∅, and f ∈ HomFH(P, S). 
50 A. GONZÁLEZ
In particular, we want to construct a fusion mapping triple with the obvious projection
θ : S −−−→ S/Op
F
(S). The following is an induction tool to construct such fusion mapping
triple, and it corresponds to [BCG+07, Lemma 4.1].
Lemma B.9. Let F be a saturated fusion system over a discrete p-toral group S. Let also H0 be
a set of F -quasicentric subgroups of S which is closed by F -conjugacy and overgroups. Let also
P be an F -conjugacy class of F -quasicentric subgroups, maximal among those not contained in
H0, and setH =H0
⋃
P. Fix a group Γ and a homomorphism θ : S→ Γ, and let
Θ : Mor(FH0) −−−−−→ Sub(Γ)
be such that (Γ, θ,Θ) is a fusion mapping triple for FH0 .
Let P ∈ P be fully F -normalized, and fix a homomorphism
ΘP : AutF (P) −−−−−→ NΓ(θ(CS(P)))/θ(CS(P))
such that the following conditions hold:
(a) x · θ( f ) · x−1 = θ( f (g)) for all g ∈ P, f ∈ AutF (P) and x ∈ ΘP( f ); and
(b) ΘP( f ) ⊇ Θ( f ′) for all P  Q ≤ S such that P ⊳ Q and Q is fully F -normalized, and for all
f ∈ AutF (P) and f ′ ∈ AutF (Q) such that f = f ′|P.
Then, there exists a unique extension of Θ to a fusion mapping triple (Γ, θ, Θ˜) on FH such that
Θ˜( f ) = ΘP( f ) for all f ∈ AutF (P).
Remark B.10. Let F • ⊆ F be the retract of F described in [BLO07, Section §3], whose
object set contains finitely many conjugacy classes. The above statement is still valid if
one considersP to be anF -conjugacy class ofF -quasicentric subgroups, maximal among
those not contained in H0, and such that P ⊆ Ob(F •). Notice that this way the set H
may not be closed by overgroups. Nevertheless, once the fusion mapping triple has
been extended to H , it can be formally extended to close it by overgroups, using the the
retraction F → F •.
Proposition B.11. Let F be a saturated fusion system over a discrete p-toral group S, and let
θ : S −−−→ S/Op
F
(S) be the natural projection. Then there is a fusionmapping triple (S/Op
F
(S), θ,Θ)
for F q.
Proof. For simplicity, set Γ = S/Op
F
(S) and S0 = Ker(θ). Let H0 ⊆ Ob(F q) be a (possibly
empty) subset which is closed by F -conjugation and overgroups, and let P be an F -
conjugacy class in Ob(F q) ∩ Ob(F •) which is maximal among those not contained in
H0. Set H = H0
⋃
P. Assume that a fusion mapping triple (Γ, θ,Θ0) has already been
constructed for FH0 .
For an Artinian locally finite group Gwith Sylow p-subgroup SG, recall the notation
O
p
G
(SG) = 〈TG, {[g, x] | g ∈ P ≤ SG, x ∈ NG(P) of order prime to p}〉,
where TG is the maximal torus of SG. By Lemma B.2, O
p
G
(SG) = SG ∩Op(G), and thus there
is an isomorphism G/Op(G)  SG/O
p
G
(SG).
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Fix P ∈ P such that it is fully F -normalized, and let N0 be the subgroup generated by
the commutators [g, x], with g ∈ NS(P) and x ∈ NAutF (P)(NS(P)) of order prime to p, together
with the maximal torus of NS(P). In this situation, AutS(P) ∈ Sylp(AutF (P)) because P is
fully F -normalized, and AutN0(P) = O
p
AutF (P)
(AutS(P)). By Lemma B.2,
AutF (P)/Op(AutF (P))  AutS(P)/AutN0(P)  NS(P)/〈N0,CS(P)〉.
Also, N0 ≤ O
p
F
(S), and so the inclusion of NS(P) in S induces a homomorphism
ΘP : AutF (P) −−−−→ NS(P)/〈N0,CS(P)〉 −−−−→ NS(CS(P) · S0)/CS(P) · S0.
Condition (a) in Lemma B.9 follows by construction of ΘP.
To prove that condition (b) also holds, let P  Q ≤ NS(P) be a subgroup which is fully
normalized in NF (P), and let α ∈ AutF (P) and β ∈ AutF (Q) be such that α = β|P. We have
to check that ΘP(α) ⊇ Θ0(β).
Taking the k-th power of both α and β for some appropriate k congruent to 1 modulo
p, we may assume that both morphisms have p-power order. Now, since Q is fully
NF (P)-normalized (and this is a saturated fusion system), it follows that AutNS(P)(Q) ∈
Sylp(AutNF (P)(Q)), and thus there are automorphisms f ∈ AutF (Q) and f
′ = f |P ∈ AutF (P)
such that
f ◦ β ◦ f−1 = (cg)|Q
for some g ∈ NS(Q) ∩NS(P). Thus, ( f ′)α( f ′)−1 = (cg)|P. It follows then that
Θ0(β) = Θ((cg)|Q) = g · θ(CS(Q)) ⊆ g · θ(CS(P)) = ΘP((cg)|P) = ΘP(α).
By Lemma B.9 the map Θ0 extends uniquely to a fusion mapping triple (Γ, θ,Θ) for
FH , and thus also to a fusion mapping triple for the closure of FH by overgroups. Since
F • contains finitely many F -conjugacy classes, after a finite number of steps we obtain a
fusion mapping triple for F q. 
TheoremB.12. LetF be a saturated fusion system over a discrete p-toral group S, with hyperfocal
subgroup O
p
F
(S), and let Γ = S/Op
F
(S). Let also (Γ, θ,Θ) be the fusion mapping triple constructed
in Proposition B.11. Then, for each R ≤ S containing O
p
F
(S) there is a unique saturated fusion
system FR ⊆ F over R of p-power index. Furthermore, FR satisfies the following properties:
(i) a subgroup P ≤ R is FR-quasicentric if and only if it is F -quasicentric; and
(ii) for each P,Q ∈ Ob(F q
R
), HomFR(P,Q) = { f ∈ HomF (P,Q) | Θ( f ) ∩ (R/O
p
F
(S)) , ∅}.
Proof. LetFR ⊆ F be the fusion subsystem defined in Proposition B.8. Saturation, together
with properties (i) and (ii) follow from Proposition B.8, and it remains to prove uniqueness
of FR. Let F ′R ⊆ F be another saturated subsystem over R, of p-power index. By
hypothesis, for each P ≤ R which is fully F -normalized, we have
AutFR = 〈O
p(AutF (P)),AutR(P)〉 = AutF ′
R
(P).
Uniqueness follows easily from this observation. 
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Let F be a saturated fusion system over a discrete p-toral group S, and let S0 = O
p
F
(S).
Let also F0 ⊆ F be the unique saturated fusion subsystem of p-power index over S0.
Corollary B.13. The fusion subsystem F0 is normal in F .
Proof. Clearly S0 is strongly F -closed, and F0 is saturated by Theorem B.12. By property
(ii) in Theorem B.12, if P,Q ∈ Ob(F q0 ) then
HomF0(P,Q) = { f ∈ HomF (P,Q) | Θ( f ) ∩ {1} , ∅},
and hence condition (N2) of normal subsystems holds.
Finally we check that property (N4) holds too. Let then S˜0 = S · CS(S0), and notice
that both S0 and S˜0 are fully F -centralized, since S0 is strongly F -closed. In particular,
AutF0(S0) is generated by Inn(S0) and O
p(AutF0(S0)).
Consider also the morphism induced by property (v) of fusion mapping triples,
Θ0 : AutF (S˜0) −−−−−→ NΓ(θ(Z(S˜0)))/θ(Z(S˜0)).
Now, let f ∈ AutF0(S0). If f ∈ Inn(S0) then f = cx for some x ∈ S0, and γ = cx ∈ AutF (S˜0)
clearly satisfies γ(g) · g−1 = 1 for all g ∈ CS(S0). If f ∈ Op(AutF (S0)) then we may find
some γ ∈ Op(AutF (S˜0)) such that γ|S0 = f . Since O
p(AutF (S˜0)) ≤ Ker(Θ0), it follows by
properties (ii) and (v) of fusion mapping triples that Θ0(γ) = Θ0(IdS˜0) = θ(Z(S˜0)). In
particular 1 ∈ Θ0(γ), and thus by property (iv) γ(g)g−1 ∈ Z(S0) = Z(S˜0) ∩ S0. 
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